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Abstract

In this paper the properties of an algebraic fuzzy structure are investigated in detail.
The structure is suitable for modeling classifications through clusters composed of
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1. Introduction

In many situations in the field of scientific research and its applications the
necessity arises, in order to solve a specific problem, of classifying the elements
of a set with as to a given feature. As a consequence of this need, clustering
algorithms have seen an explosive development over the past 20 years
[1,2,9,11-16,23,25,27,28] and a large set of techniques and methods have been
applied to data originating in various contexts. We just quote medicine (clas-
sification of diseases), archaeology (classifications during excavations), as-
tronomy (clustering of galaxies), economy (clustering of firms), and so on.
Clustering techniques distribute the elements of a set as to a given feature. For
example, individuals in a population can be clustered according to their tall-
ness.

Researchers in the field have been investigating mainly two classes of
problems:

s given a classification of the universe of discourse, single out the rules to as-
sign each element of the universe to a specific class;
¢ given a universe of discourse, classify its elements according to specific goals.

From the formal point of view, the problem can be specified as follows:

Let / = {a|,az,as,...,a,} be our set and X = [x),X2,%3,...,%,] be the n-ple
of assessments of the elements of I as to a specific feature C, i.e., x; is the as-
sessment of a, as regards €, and so on. The problem to be tackled is to single
out, given the n-ple X, clusters that represent a partition of I. Moreover ele-
ments belonging to the same subset should be classified as similar as regards C,
whereas elements belonging to different subsets are classified as different.

It is also possible to widen the problem by introducing an optimality crite-
rion, e.g., a function denoting the levels of desirability of possible partitions
[11].

In clustering problems involving quantitative data a suitable distance
(measure of dissimilarity) or an affinity index (measure of similarity) can be
introduced to cope with the values arising during measurements [11].

In general, clustering algorithms are based on these two techniques:

(a) single out either the partition that minimizes the dispersion within each
cluster(1975) or that maximizes the dispersion among clusters (variance-based
partition algorithms),

(b) construct hierarchical-like clusters, in which data are organized ac-
cording to a nested sequence of groups (hierarchical algorithms).

The methods so far sketched out require that each element belong to one
and only one cluster, thus they are based on numerical quantities and relative
numerical manipulation. In fact we have that the situation is rather vague, the
elements are each other ‘nearby’ and some of them are equally likely to belong
to more than one cluster. Consequently one has situation in which clusters
‘fade’ each other. This kind of problems can be tackled by means of a
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Two elements a, » belonging to (I, >) are said not comparable if neither of
the relations a = b, b = a holds.

We say that (I, ) is a chain if there is no pair of not comparable elements.
Ifin (7, =) there is at least one pair of not comparable elements, then (f, =) 1is
said partially ordered. An ordered set is said complete if every not empty part is
has the Lu.b. and the g.1b.

An algebraic structure (S, N,U) is said lattice if the operations U and N are
both commutative and associative and, moreover, if, for each pair of elements
aand bone hasan(eUb) =aand al (anb) =b.

Let R be a relation on {S,N,U) such that aRb if and only if anb = a (or,
equivalently ¢ U b = b). Then R is reflexive, symmetric and transitive, thus it is
an ordering relation on S. We denote R by <, then the ordered set (S, <) is
said associated to the reticle {S,M,U).

In a similar way, if one has the ordered set (S, <) such that for every pair a,
b of § there are both the Lu.b. and the g.L.b. then one can introduce the fol-
lowing operations:

N:{ab)eSxS—glb{ab}, U:(ab)eSxS—lub.{ab}

thus the algebraic structure (S,N,U) is a lattice and it is sald associated to
(S, <). As one has that a b = a if and only if a<b then the ordered set as-
sociated to the lattice (§,N, V) is identical with (8, <).

Let (S,N,U) be a lattice, if there is a unit element with respect to U, such
element is denoted by 0. As for each a one has 0U a = a, it follows 0<a for
each a, thus 0 is also the minimum of the ordered set (S, <). In a similar way, if
there is a unit element with respect to M, this element is denoted by 1 and since
for each @ one has a1 =a(a< 1) then 1 is the maximum of the ordered set
(S, <). If the ordered set (S, <} is endowed with both minimum and maximum
elements the latter are, respectively, the unit element with respect to the op-
erations U and < of the corresponding lattice.

A lattice is complete if such is the corresponding ordered set. It is apparent
that a lattice with 0 and 1 is complete, as the corresponding ordered set is
endowed with both the minimum and maximum. A lattice is modular if for
every triple 4, b, ¢ such that @ < c one has

(@ubyne=al(bnNc).

A lattice is said distributive if one of the previous conditions holds true. Every
distributive lattice is modular.

Let S be a not empty set on which the associative operation * is defined, then
(S, %) is a semigroup. I the operation * has a unit element in § then (S, %) is a
monoid, In case the operation  is commutative then (S, *) is a monoid com-
mutative,

Let (S, <) be the lattice associated to the ordered set (8, <). Suppose that S
ic andnwed with 0 and 1. where 0 # 1, Moreover. let (§, %) be a commutative
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fuzzy-based approach [28]: each element is given a grade of membership for
each cluster, so that each cluster becomes a fuzzy set. This concept can be
formalized as follows. The resulting fuzzy clustering is a natural extension of the
traditional one. Of course, the-use of this kind of approach is suitable mainly for
those data which are to be classified according to qualitative features.

In our approach we have the values of one or more linguistic variables [30]
that generate partitions of the universe of discourse. An operation with two
components very similar to the number-theoretic addition and multiplication is
defined on sequences of couples (equivalence class, linguistic value) [17-21]. This
operation induces a different classification, in which the list of couples {equiv-
alence class, linguistic value) gets determined by the resulting classifications.
Thus one has that the representation of data allows to represent the typical
vagueness of a set of data arisingin a real context but the processing of these data
can be carried out via numerical computations, by using fuzzy-based techniques.

This paper is organized as follows. Section 2 presents basic results about
posets, lattices and monoids. Section 3 discusses the meaning of the term
‘classification’. The operation of composition of two or more classifications is
illustrated in Section 4. Then a total order relation is introduced into the set of
classifications and it is proved that the algebraic structure is an integral com-
mutative F-monoid [24]. Section 6 discusses how the relevance can be com-
puted. Scction 7 presents a case study originally discussed in [28], the results
attained by us are equal to Sato’s but the analysis of the relevance permits to
draw further information from the classifications, not obtainable in Sato’s
approach. In Section 8 an operation in some way similar to the classical di-
vision is introduced, its utility is apparent in Section 9 where it is shown how it
is possible to tackle problems of the type “f C is the classification obtained
beginning from 4 and B, how 4 is to be modified in order to get a different
classification C? In our case study, we see that singling out A induces the
possibility of developing a plan of preventive medicine in order to fight rach-
itism and other diseases typical of the age of puberty. In Section 9 additional
computations are carried out on the data of our case study and finally the last
section presents a synopsis of the theoretical results illustrated in the paper.

2. Mathematical preliminaries

Let = be a binary relation on the set /. We say that > is an ordering on Iil
the following properties hold true:
1. Reflexive property: a > a for each ¢ € 1.
2. Asymmetric property: given a, b inf,ifazband b= a, thena=2>.
3. Transitive property: given a,b,cin I, if a = band b= c, thena = ¢
Then the set 7 is said ordered by > and we write (I, = ). In an ordered set, if
a > band a # b then we write a > b.



L. Di Laseio et al. | Internat. J. Approx. Reason. 26 (2001) 146 5

monoid, then the triple (S, <, ) is said commutative -monoid. (S, <., %) is said
integral if the 1 of the lattice (S, <) is identical with the unit element of the
monoid (5, *).

Given a classical non empty set U, said the universe of discourse, a fuzzy set
A in U is a function from U to [0,1]: A: U — [0,1]. This function if often
denoted by ji,(x). The definitions introduced by Zadeh [29] for equality, in-
clusion, union, intersection and complement are a suitable exiension of the
classical set-theoretic notions.

A fuzzy set is said convex if and only if:

for every x),x» € U, and for every p € 0,1]

Uy (s + (1= p)xa) = minfie, (x1), pq(x2)]

A fuzzy set is normalized if there is an clement for which the membership
function takes value 1. A fuzzy number A is a fuzzy set on the set of real
numbers such that.

1. 4 is convex,
2. there is exactly one xo € R such that wlxa) =1,
3. p, is stepwise continuous.

The membership function of a triangular fuzzy number i characterized by

three numbers / < ¢ <r as one has

x—0/c=1 if xellc],

) =4 (r=x)/(r—¢) if x€le ],
0 otherwise.

The importance of fuzzy numbers stems from the circumstance that Zadeh’s
principle of extension establishes a fruitful link with the traditional theory of
aumbers. In fact, via the principle of extension, the operations on real numbers
can be extended to fuzzy sets. For example if la,b,¢] and [@ b, ] are two
triangular numbers then [a, b, g+ b ci=lata, b+ b, ¢+ c'|, while the
product of a triangular number [a,b,c] by a scalar k gives k*[a,b,c] =
[k, kK] % [a,b,c] = [k=a,k* bk x c] [10] .

3. A suitable algebraic structure for classification

Let U be the universe of discourse. Suppose that each element of U is
represented by the k-ples (A1(u),...,Ak(u)). where the Ai(u) are the fuzzy
measures whose values are ordered triangular fuzzy numbers in {0,1]. These
fuzzy numbers represent the truth grade of the element u as regards the ith
attribute; they can be represented by linguistic labels, such “almost true”,
“false” and so on. In turn, each attribute is represented by an attribute string as
follows:

iy %l %2 A%
a Gpet =G24

Aj:a
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where o < a; < -+ < a,, are the possible values of the linguistic labels, and
a; = AJ.‘1 (a;) are the subsets of U for which the jth attribute takes the value a;.

Thus an attribute string is a string that can be interpreted as a classification
induced by a fuzzy attribute given the universe of discourse. In the following,
for the sake of simplicity and without loss of generality, the linguistic labels in
the examples are just Completely True, True, Almost True, False, and the
others are obtained by approximating these three labels. The following table
reports the triangular numbers for each label;

F false [0,0,0.2)
AT almost true [0.2,0.4,0.6]
T true [0.5,0.7,0.9]
CT completely true [0.8,1,1]

Formally, attribute strings can be defined as follows:
An attribute string on a set U is a string

%n—1
n—1

arar ... a3a)

and a list of positive integers (k,d,,d,_i,...,ds, d)) such that:
1. g, is a subset of U, for each /;

2. {@an,@u1,...,az,a} is a partition of U;

3. o is a triangular number in [0, 1];

4 oy > > >0 >0,

Moreover the strings UN(1, 1) and T/NS(1, 1) are attribute strings.

In the following $(U) denotes the set of attribute strings on the universe U,

In our approach {a,,a,-\,...,a:,4} denotes the partition induced by the
attribute, whereas the fuzzy numbers o, 0,_, ... , 03, 001 correspond to the la-
bels associated with each group of the partition. In the following
@n;dn-1s ..., G3,ay are denoted by the term first parts and o, 0,_;, ..., 0, 0 by
the term second parts. Strings having a list of numbers all equal to 1 are said
native sirings (for example, {1,2, 5}[0'2’0'5’0'7}{3, 4}[0"‘0‘3’0'5](1, 1,1)). The meaning
of this terminology will be apparent in the following, when the composition of
attribute strings is defined.

It is worth clarifying the meaning of the strings U™ and UNC. Suppose that
our universe of discourse includes human beings and animals and we are in-
terested in investigating the nature of a specific disease. Moreover, suppose that
one of the attributes is ‘high standard of living’. For the animals this attribute
is meaningless and the label NC specifically denotes elements not compatible
with the attribute.

Let us consider now the attribute ‘high globular value’ and suppose that for
some individuals test have not been carried out. The label NI denotes those
elements for which we lack any information about the attribute.
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Thus, the set of labels is defined as follows: {NC,NI1} U {triangular
numbers in [0, 1]}, provided that NI < f < NC, for all triangular numbers /in
[0,1].

The basic feature of NC is that it should not affect in any way the other
labels. For example, given U = {a,b,c,d, e, f,2},4 = [g, BNa] "I, ] e, 1T
and 8 = [ngC[a,b]T[c, d*"e, f |¥, by composing 4 and B one expects that g
keeps being not compatible, whereas B keeps taking the label T as in B. This
happens because saying that g and b are not compatible with the attribute 4
means that 4 is ‘unable’ to single out g and b also in case B is taken into ac-
count. Thus, if C stems from the composition of 4 and 8, we introduce the
operation of composition so that

C™Y(NC) = A™/(NC) n B"{(NC).

In turn, as regards the label NI, if one has, for example,
A=[f,d"le,d)" g, 0} [a]™, B = [c,d) e, /¥ [g]F [, B,

we would expect that @ and b keep taking the label NI also in C obtained from
the composition of 4 and 8. This is apparent for a, whereas for  the lack of
information on 4 prevents from giving an assessment also in C. Thus also in
this case, a constraint will be present

C™'(NI) = A~'(NI) U B-!(NI),

The operation of composition introduced in the next section takes into account
these aspects. Finally it is possible to show that the associative property holds
for this operation if and only if consider the strings UNC and UM, Conse-
quently UN¢ becomes the unit element and (S(U), ¢, UNC) takes the structure
of monoid.

We note that the sequence (k,d,,d,_;,... +dh, d)) contains this information
about the related string [4]:

(i} the value & denotes the number of strings necessary for its generation,

(ii) the values d; denote the number of clusters whose composition has gen-

erated the ith cluster, i.e., the /ith element of the partition present in the

string.

Example. Suppose that we have a sct of individuals U/ = {a,b,c,d,e, [, g}, then
the classification of such set with respect to the attribute Tallness may be
represented by the following string:

{a e, e} {b,d}*"{f,g}"(1,1,1,1).

In case the tallness of the individuals is as follows (in meters):
a 1656 175¢ 190,d 180,e 1.75.f 1.77,¢ 1.85
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the classification induced by the attribute may be as follows:
Tallness = {c, g}“{d}"{b, e, F}1*T{a}(1,1,1,1, ).

Other examples concerning a large variety of situations can be found in the
following papers:

[19] classifying some bacteria, regarding how dangerous
they are to humans

[17] approximate reasoning

[19] generation of automatic diagnoses

[18] diets for breast-feeding women

[7 tutorial assessment

[20] financials investments -

[5] user modeling in adaptive hypermedia systems

[8] uncertainty processing in user-modeling activity

3.1. Linguistic approximation

Of course not all fuzzy numbers in [0,1] can have a corresponding linguistic
label, thus, in order that each string could be represented in not numerical
form, it is necessary approximate the fuzzy values by means of linguistic
labels.

Let {ay,0,,...,2} be the fuzzy numbers associated to some linguistic labels
(in the previous examples £ = 4) and let § be the fuzzy number to be ap-
proximated.

Suppose that the middle vahie of B (say m) lies between the middle values
of o and oy, ie., belongs to the interval [m:,miy] (for some =
1,...,k).

Let the quantity m;, | — m; be denoted by d, then we can carry out the fol-
lowing approximation:

(1) if m € {m;, m; +d/10}, then § is approximated by «;

(i) if m € {m; + (d/10),m, + (3/10) + d} then f is said “next to” o; and we

write ntfe];

(i) if m € {m, + (3/10) + d,m; + (7/10) * d} then £ is “included between’ o

and a;;) and we write ibfoy, oy I

(V) if m € {m; + (7/10) x d, m, + (9/10) x d} then 8 is “before” q and we

write bt[a, (];

(vYifme {m + (9/10) xd,m; .} then B is approximated by o,,.

We note that our rule of approximation gives an upper bound to the number
of possible labels, in fact this number cannot exceed 4n — 3 where 1 is the

LA TROVN AR -V I B T S -
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Example. Let {0.3,0.75,0.8] be a triangular number, its lingnistic approxima-
tion is ni[V], in fact T ~ [0.5,0.7,0.9] and CT ~ [0.8,1,1] then d = (1 - 0.7) =
0.3, thus (0.7 +0.3/10) = 0.73 < 0.75 < 0.79 = (0.7 + 0.3 % 3/10).

The following fuzzy numbers are approximated in a similar way:

[0.25,0.35,0.57] ~ nt]AT],  [0.03,0.1,0.4] ~ nt[F],
[0.01,0.02,0.08] = F, [0.01,0.02,0.9] ~ F,
[0.74,0.82,0.95] ~ ib[T,CT], [0.41,0.63,0.7) = b[T).

4. Composing strings as a tool to classify

In order to get a classification tool, it is necessary to intreduce an operation
between the ordered strings associated with the attributes in such a way as to
obtain a new string which is a. finer classification of the information contained
in the original strings.

The idea of such an operation can be intuitively understood if we consider
the twofold meaning of a digit in a number, i.e., the roles of value and position.
In the case of our strings, the absolute value of the generic element g; is the set
of the elements of U which a; represents, whereas the value corresponding to
the position is given by the linguistic label ;.

Because of the heterogeneous structure of the string, it is necessary to dis-
tinguish the operations according to the two parts of the strings: one operation
for the part concerning the subsets of U, and a different one applied to the part
where fuzzy sets intervene.

Definition. The operation of binary composition of attribute strings
O S(U) x S(U) — S(U) is defined as follows:
It A=amady ... a3d} (ka,dan,. .. dig,de;) and B =bbnpfri | plf2ph

n—1

(ks,dyn, ... dsa,dp;) are strings then:
C=A4A0B = Cymm_:::ll .. .C;ZC";'I (I'CA + kg,dc’mw,[,. - ,dC,Z,dC,l)a
where
fornz=zm
as regards first parts one has:
TS Ai—jp ] ﬂbj, 1 gzém - 1,
Ci=< Ui m @ Nb;, mKisn—1,

Umicnttom @m0y, rKi<m4n—1
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for the second parts:
1/((kA -+ kB) ES dc, n"l) E 1 ch,- *dﬂ,f—j-H * (k/l * oc,-_Hl + kb‘ * ﬂj)7

=
I<ig<m—1],
g, = 1/((k4 + &8) * dc, i) Ej:,”__!m dpjdgpoy * (kyx %yt + kg % ),
i mSign—|,
1/ ((kA + kB) * de, lf) 2 it e O % g g % (g % 2oy + g B,
nEi<m+tn—1,
where
et oy ¥ ), Iism—1,
dei = 2jet, . mlday % diseiy), msisn—1,
z,.f=i—n+l,...,m(d3\f * dA,l"H—J)? nsismtn—1
for nm

for the first parts one has:
Uj:;,__,,,‘ Gi—jp N bj: I<i<n - 1,
¢ = U':i—n-‘rl,.‘,.i @iy Mbyy, nLigm - L
L-J;I'=f—n+l,...‘m Bimjr1 1 bf! msiKmtn—1
for the second parts;
1/ (k4 + kB) + dc, 1) Dt @ g % (k5 oty + kg 5 B:),

1<i<n—1,
v = L/{(k4 + kB) *ldca ) ijl‘—n+[,...,i dpy % dygjyt x (kg % 2 y) + oy % B,
! REi<m— 1,

1/((kA + kB) * de, i) 2ty g % s g % (g 5 Fimjrt kg ),
m<ism+n-—1

2 imr day % dyip1-y), Isign—1,
de; = j=|'—n+l,...,i(d3~.," wdiin ), A<i<m— 1,
jintt (@B ¥ dainr ), mSi<mbn— 1,

Moreover, for each attribute string 4 one has AGUN = N g = NU
AQUNC — UNCOA = 4.

This operation, at first look, appears very complex, anyway it is Just the
application of the algorithm for the multiplication of integers to the first parts,
the second parts and the attribute strings. By composing two classifications, a
third one arises where the information contained in the original classifications
is synthetized. The initiai strings, not generated via composition, are charac-
terized by a sequence of 1, and thus they are called Rative strings.

Example. Suppose that one has the following strings concerning the attributes
Tall and Fat:
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Tall = {e,g} {4} {b,e, /1™ {a)" and Fat(e){a,d, e, 1} (5,c}"

By composing the two strings one gets, for the first parts:

{cel {d) {bef) {a} ®
{g) {adef} (be) =

¢y @ (b} @&
@ {d} fef} (a} -
{g} @ ) ] -

{8} @ {cdl {ef} (ab) @

Thus Tall { Fat induces a partition {{g}: {e.d} {e,f}, {a,b}} on the universe
of discourse. As regards the list of numbers, one has:

1 1 1 1 1G)
1 1 1 =
1 1 1 1
1 1 1 1 -
i 1 1 1 -
1 2 3 3 2 1

thus:

dratora,l = 1,  ranorars = 2, drawras =3,  draoras = 3,

dranoras = 2, @rangras = 1

and, moreover, one gets: Franorae = bran + kg = 1+ 1 = 2.
In turn, as regards the second parts, one gets:

[0.8,1,11 [0.5,0.7,0.9] [0.2,0.4,0.6] [0,0,02] ©
[08,1,1] [0.2,04,0.6] [0,002] =

a4,] az,) az apr

42 a32 a2 a2
A3 W33 @23 a3
Ys ¥s Y4 Y3 ¥z b
where

i j = dpay % drang_jey ¥ (bpgy * @i_jr) + Kpay * b))
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Tall = {¢, g} " {d}"{b,e, /}*"{a}* and Fat{g}"{a,d,e, f}*"{b,c}".

By composing the two strings one gets, for the first parts:

{cg} {d)} (bef} {a} ®
{g) {adef} [bec) =

¢y @ (b &
@  {d} fef} ({a} -
{g} @ ] 1] -

g} @ f{cdl {ef} (ab} @

Thus Tall { Fat induces a partition {{g}. {e,d}, {e, f}, {a, b}} on the universe
of discourse. As regards the list of numbers, one has:

1 1 1 1 ®
1 1 1 =
1 1 ! 1
1 1 1 ] -
i 1 1 1 -
1 2 3 3 2 |

thus:

dratora, =1, drangras = 2, draoras =3,  @raoras = 3,

draioras = 2, drangrus = 1

and, moreover, one gets: KTanoFae = krgy + kg = 1+ 1 = 2.
In turn, as regards the second parts, one gets:

[0.8,1,11 [0.5,0.7,0.9)- 0.2,0.4,0.6] [0,0,02] ©
[0.8,1,1] [0.2,0.4,0.6] [00,02] =

a4,1 a3 a1 at

a2 a32 a2 az
443 @33 23 aa
b(] ¥s Y4 Y3 T2 Tt
where

@i j = dpar g * Arani—jsr * (Ryap * Qi_jr1 + Kpay * b))
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For the second parts
g xs0ytz 020 ©Fy B, 8, = Ye¥7¥6¥sVa¥avan

@1 = AralioFu,l * daciLe) * (kranors * &) + kaciLe * f5))
=L*1%(2510,0,0.2+1+0,0,02)) = 0,0,0.4] +0,0,0.2] = 0,0, 0.6],
a2 =[0204,1, 2;=10507,13), a,= [0.4,08,2],
dsy = [0.4,0.8,2}, azy = [].4,2.4,3.4],
as = [1.68,246,4.08], ag, = [2.1,2.7,2.9],

Y1 = [(Franora + kaciLe) * ATloraingie, ] * @) ¢ == Bl « [0,0,0.6] = [0,0, 0.2] = F,
2= (1/9) % ([0.2,04,1] +0.4,0.8,2)) = [0.06,0.133,0.33] ~ib{F, AT,

Y1/ Ib[F, AT], y, ~AT, ¥s =ib[AT, T], y, = b[T],

v72ni[T], y; = ib[T,CT].

The final result is
TaHOFatOAglle — @ib[T,CF}gnt[T] {g}b[T] {d,f}ib[AT’T]
x {a,b,¢,e}"T OINAT GAFAT xF 3§ 4 6,8,8,6,3,1).

It is apparent that there are similarities between our composition and the
conventional arithmetical multiplications: our operation replaces the conven-
tional multiplication of figures with set-theoretic intersection M, and the ad-
dition of numbers with the union of sets U. The way the composition operates,
can be sketched as follows:

Multiplication  Compoasition AOB
of integers

First parts  Additional factors Second parts

Muitiplication  Intersection No carry multipli- 4, NET ST

with carry of sets N cation dp; * dapri—;  #(kg % o L+ kg * i)
Addition with  Union of  No carry addition  1/((ky + k3) - d, )
carry sets U

(J=i—nt1,...m

In the definition of the composition operator a vital role is played by the
additional information present in each string. Suppose that the strings A and B
are not initial, then:

* The indices dd; and dB; represent the number of sets whose union have gen-
erated the ith class of 4 and B, respectively.

* The indices &4 and kB represent, in turn, the number of classes whose inter-
section have generated the classes of 4 and B, respectively.
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Thus these indices include the history of our string.

1/ (kg + ks) - deg) * Z dB; % dAi_juy * (kg % @iojpr + kg % by)

J=Li

represents essentially a mean among the labels [6] where each label takes a
weight in some way related to its evolution. This approach allows to preserve
the associativity for the operation ¢, this would not be possible if we consid-
ered just the average value of the labels.

The following properties hold:

Proposition 4.1. .
(i) The operation of composition {) is both commutative and associative and its
unit element is UNC .
(ii) The triple (S(U), &, UN®) is a commutative monoid.

Proof. The proposition (i) is proved in [4,19], whereas (ii) stems directly
from (i). O

5. The ordering relations
5.1. The relation on P(U)

Since our string consist of subsets of U, in order to define an ordering
criterion among them, one has first to introduce an ordering criterion among
sets.

Let us suppose that U is a totally ordered set, i.e., there is an ordering re-
lation < defined on U such that for everyx € U and for every y € U/ one has
either x € ¥ or ¥y LyX.

Let X € U, we define

max, (X) the maximum of X as regards the relation <y,

max; (X) the second maximum of X;

max; (X) the third maximum of X;

maxjy) (X) the minimum of X.

It is now possible to introduce the following:

Definition. Let X and ¥ be two subsets of U, then we say that X <Y iff holds
true either X = ¥ or |X| < |¥] or |X| = |¥] and for some i, 1 << |X], one has:

max(X) = max(Y) for every j <i and max(X) <y max(Y).
4 J i i

Example. Consider U = {a,b,c,d, e.f,g} and suppose a <yb <yc<y
d <y e <y f<yg then:
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o if X = {a,d g, e} and ¥ = {a, b}, then ¥ <z X because |¥| < [X|;

o if X=1{a,d ge} and ¥ = {a,b,c,d}, then ¥ <sX becanse max, (¥) =
d <y g = max, (X);

o if X ={a,dge} and ¥ ={a,b,c g}, then ¥ <; X because max,(Y) =
¢ <y g = max; (X).

Propaosition 5.1. The ordering relation <g on P(U) is total.

Proof, It is apparent that two subseis of U are always comparable with respect
to <y, moreover if X # ¥ then either they have different cardinality or there is
at leust one element different and thus max,(X) = max,(¥} cannot hold for
every i. O

5.2. The ordering relation for atiribute strings

In order to define the relation < for the attribute strings, we note that the
ordering is based on the information contained in each string and it can be
evaluated according to the coefficients £ in the strings. The more £ is high, for a
specific string, the more is high the number of strings whose composition has
generated the string. Thus the more the content of information is high, the
more the more is high the possibility for it to precede other strings in the or-
dering

Definition. Let 4 = a®a’] ...a2a" (kg dan, ..., dys,dg)) and B = binplrs
bgzbfl (kg,dp ;... dp2,dg) be two attribute string of the universe U, then
ALB if either A =8 or k;>ks or ky=ky; and there is an index
i (1<i< min(n, m)) such that for every j <ia,=b;, ay=f, and dy; = dp;
whereas a; <g by ora; = by oy < f,ora; = byand o; = f§, and d;; > dp; moreover
for every A € S(U) we have UN £ 4 £ UNC,

It is apparent that the strings UN¢ and UM represent the minimum and the
maximum, respectively. In general, this relation can be viewed as an ordering
carried out with respect to the information contained in each string, and a
string having a higher content of information than another one precedes the
latter in the ordered sequence.

Example. If 4 = {a, 5}/ (¢ n, g}02070%U 0 g, r1 0204985 12 1) and B =

{a.b,e,h,g)Po03%N e g £}030608(1 1 1) then one has k, =2 > 1 = kg and
thus 4 < B.
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If A={q b}[0.8,0.9,l} e, h’g}[o.s,o.v,o.g] {C1 d f}lo.z,o.4,0,6] (2,1,2,1) and B=
{a,b,e, k}OSOO% 0 g ¢ 0306085 1 1) then A< B because ks =kp and
{C,d,f} <s {Cad:lf1g}'

If 4= {a’ b}[0.8,0.9,l]{e’ h’g}[O.S,O.T,O.Q]{C’ d’f}[0.2.0.4,0.6](2’ ]., 2’ l) and B=

{ b}[(]?()?SOS]{ hg}[060809]{ df}[030608](2 1) thenA<B bhecause kA —
kp.ar = {e.d, f} = {e,d, f} = by and & = [0.2,04,0.6] < [0.3,0.6,0.8] =

I 4= {ﬂ, b}[0.8,0.9,l]{e’ h,g}{0.5,0709]{cj d}f}[ﬂ.Z,D,d,O.ﬁ] 2’ 1, 2’ 1) and B=

{a, B}P707308 1 b gH0307981 ¢ g £}020598(2 1 1) then A< B because ky =
ky,ay =b,aey =Bl,dg =1=1=dga=bs,00=f,dpy=2>1=dp.

Definition. A set is complete if every lower limited part is endowed with
g.lb. and every upper limited part is endowed with Lu.b. Consequently one
has:

A set endowed with both minimum and maximum elements is complete if
and only if every part is endowed with both g.l.b. and Lu.b.

The set S(U) is endowed with both minimum and maximum elements,
moreover the ordering of strings takes place by comparing the components of
the strings themselves, namely
+ subsets of U/;

e fuzzy numbers in the interval [0, 1], in turn consisting of real numbers in

[0,1];

« integers (coefficients).

Since one has that:

+ subsets of U/ are finite;

e the interval [0, 1] is complete;

e the infinite subsets of strings whose coefficients grow to infinite have as g.1.b.
the string UN;

one has the following proposition holds:

Proposition 5.2. The structure (S(U)}, 0, UNC, <€) is an integral commutative
f-monoid.

Proof. We prove (ii). (S(U), 0, UN", £) is a l-monoid because in the monoid
(S(U ) (} UNC) a ldttlce (S(U). g) with both minimum and maximum has been

R [FIVES U R L R P L R AN T
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commutative. It is also integral since the maximum UNC of the lattice is at the
same time the unit element of the monoid. O

6. The relevance

1t is sometimes important to grasp an idea about the way a string attribute
can affect the generation of a string, the concept of relevance is useful to this
aim. When two strings 4 and B are composed into 40B in corder to get the
string C essentially we “shake up” the information in 4 and 8 and put it into C.
The relevance measures the ability of 4 in influencing B (und vice-versa) in
order to get C. It is worth introducing two measures of relevance, as the op-
eration of composition affects both first and second parts.

6.1. The relevance for first parts

The following definition was introduced by [21].
Let A = a>a’] ...a$a} be an attribute string, and let C be the result of the

composition of A with other attributes (e.g., C = 40B¢D), then the relevance
1§ of 4 with respect to C is defined as follows:

W =D r-n)

J=lpk=1,.m

where p; = #[47 (o) Nci] and p; = #[47!(%;)]/m and ¢; belongs to the set of
the first points of the string C.

From the conceptual point of view the relevance of the attribute 4 represents
the quantity of information conveyed by 4 into the attribute C or, equivalently,
the ability of 4 in singling out the elements for the generation of the attribute
€. The formula at first glance appears similar to the one for the variance, in
fact we compute the extent to which the distribution of the classes of A in C
differs from that in which the distribution of 4 is uniform.

Example (see Appendix B). Let
A = {c,g}{d} {b,e,/} {a} (L 1,1,1,1),
B = {g}Ma,d,e, f}*AT{h,c}"(1,1,1,1),
C=AOB
— {g}CTSZAT{C, d}ib[AT’T]{e,f}AT{a, b}ib[F’AT]@F(Q, 1, 2J 3, 3: 2: 1).

We compute u§ =3 4> 4,60 _PJ‘)2= one has: py = #[{a}]/6 = 1/6,
po=#l{b.e./M/6=3/6 2 125y '=1/6,p = 13
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py=%#{atNnF] =0 P1=0 mi=0 p,=0
pa=#{a}n{abll=1 pa=1 pa=0 p,=0
ps=#{a}n{e,fH=0 ps=2 23=0 pga=0

Pra=0 Pa=0 pa=1 py=1
ps=0 Ps5=0 ps=0 py5=10
Ps=0 D=0 pis=0 pme=1

thus

M= (0=1/6)" + (1 = 1/6)" + (0 - 1/6)* + (0 — 1/6)* + (0 — 1/6)*
HO-1/6) + (0 =172 + (1 - 1/2)" + (2 - 1/2)7 + (0 — 1/2)2
+(0=1/2)" 40 = 1/2)" + (0 - 1/6)> + (0 — 1/6)* + (0 — 1/6)?
+ (1= 1/6)" 4 (0= 176 + (0= 1/6)* + (0~ 1/3)> + (0 — 1/3)?
F(O =173 + (1= 173+ (0= 1/37 + (1 - 1/3)?

= 1/364-25/36 +1/36 +1/36 + 1/36 +1/36 + 1 /A+ 1 /4 + 9/4
+1/441/441/4+1/36 4 1/36 + 1/36 +25/36 + +1/36 -+ 1/36
+1/9+1/9+1/9+4/941/9 +4/9

=5/6+7/24+5/6+4/3=6.5.

In a similar way (see Appendix C) one gets us =5.5.
The conclusion is that 4 affects the composition of C more than 5.

6.2, The relevance for the second parts

We note that the relevance for the first parts does not take into account the
labels, since it operates just on partitions. However, it is possible to evaluate
how labels affect the operation ¢. We remember that the operation for second
parts is based on the mean among fuzzy numbers, and in case a string consists
of many clusters their labels will appear often in the computation of means and
the more the labels will be important the more they are nearby.

Let us consider how the computation of labels is carried out for the com-
position §: ‘

7o = 1/((ka + kg) - d..;) + ZdB.j *dgipir * (kg o - kg = ﬁ,)
J

The more the label «; of the string A4 is relevant the more the coefficients &, and
dy; are high. Thus the relevance of a string is to be directly proportional to
k4 + ) dy, and inversely proportional to the dispersion of the label on the
interval [0, 1], representable ag follows:
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Z:‘:l,...,n—l Zj=f+1,...,n |°‘i - ajl
nx(n—1)/2 ’

where if o; = [0y, %0, 05] and o; = (1, 272, 03], then |oy — ol = o — | +
lotip — | + [otis — e

The sum is divided by # * (n — 1)/2 to find the mean of all these differences.
Given a string A = @™ ... 24} we can define the relevance for the second
parts as follows:

0 if 4= 0N,
1 if 4=UM,
p“t = n*(n—i)(kd'i‘zA dA;)
2/marctg Eleot otherwise.
/ 2*21:1,...,,741 Ej:H-l ..... Q=]

The strings UN® and UN! attain, respectively, the minimum and maximum
value of the relevance. The relevance of UNC equals zero because this string is
does not affect the string to which it is applied (UNCHA = A for every A),
whereas the relevance for UM equals | because “absorbs” any string
(UM QA = UM for every 4).

It is worth emphasizing that the relevance p, is computed beginning from
only the information present in 4. In other words, the relevance uS is the
relevance of A with respect to a resulting string C, whereas p,, is the relevance of
A in absolute terms. Thus p if the relative relevance and p is the absolute rel-
evance (Appendix I} contains an exhaustive example for the computation of
the relevance).

6.3. The total relevance

Beginning from the relevance u and the relevance p one can get a new
measure, combination of u and p. The total relevance of A with respect to C is

RS = p$ * py.

Example. In the previous example we have computed su; = 6.5 and 4§ = 5.5.
We note that F=[0,0,0.2], AT=[0.2,04,0.6], T=[0.50709], CT=
[0.8,1, 1], thus we get for p,:

(j0 = 0.2] + 0 — 0.4 + (0.2 — 0.6]) + (|0 = 0.5] +]0 — 0.7| + [0.2 = 0.9
+(0—0.8] 4+ [0 -1 +[02—1]) + (j02 - 0.5| + 0.4 - 0.7|
+10.6—0.9) + (j0.2 — 0.8] + [0.4 — 1| +10.6 — 1]) + (0.5 — 0.3

nnnnnn nom A e d
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Table 2
Three-way data fuzzy clustering
Boy Degree of each cluster Boy Degree of each cluster
A B C D A B < D
1 0.01 0.08 0.81 0.10 20 0.03 0.71 0.16 0.10
2 0.03 0.03 0.14 0.81 21 0.03 0.05 0.28 0.64
3 0.05 0.10 0.38 0.47 22 0.01 0.03 0.19 0.77
4 0.13 0.06 0.22 0.60 23 0.06 0.05 0.28 0.61
5 0.04 0.03 0.12 0.80 24 0.03 0.05 0.30 0.61
6 0.03 0.22 0.49 0.26 25 0.02 0.04 0.34 0.59
7 0.93 0.01 0.02 0.03 26 0.03 0.04 0.22 0.71
8 0.34 0.08 0.18 0.40 27 0.05 0.07 0.22 0.67
9 0.01 0.94 .04 0.02 28 0.22 0.27 0.61 011
10 0.01 0.03 0.78 0.18 29 0.0l 0.04 0.89 0.07
11 0.18 0.06 0.18 0.58 30 0.01 0.63 0.27 0.0%
12 0.03 0.06 0.33 0.59 £l 0.03 0.03 0.15 0.79
13 0.01 0.10 0.79 0.10 32 0.01 0.83 0.11 0.05
14 0.86 0.03 0.05 0.07 33 .01 0.89 0.07 0.03
15 0.01 0.87 0.08 .04 34 0.04 0.24 0.55 0.18
16 0.10 0.10 0.42 0.39 35 0.09 0.13 0.33 0.45
17 0.07 017 0.49 0.26 36 0.02 0.23 0.58 0.17
18 0.01 0.02 0.17 0.80 37 0.02 0.68 0.23 0.07
19 0.03 0.05 0.22 0.70 38 0.87 0.02 0.04 0.06

7.2. The attribute strings

Let us define the attribute strings which represent the classifications of the
universe. More specifically, let T13, #13, C13 and §13 denote, respectively, the
strings related to tallness, weight, chest, and tallness when seated concerning
boys who are 13. The same notation is adopted for boys who are 14 and 15.

T13 = {7,8)"{11, 14}®M9{27, 35,2, 5} {38} k!
x {19,22,23,24,25,26,31}"#(3 4,6,10,12,16, 18,21}*
x {1,28,13,29, 303136} (15, 17, 20, 34)}"F1{33,32,37,9¥’,

w13 = {14)"{7,38) " (8 11}7{31,35)"24 {4, 5,16, 17, 26}
x {2, 18, 19,23,24,25,34)%(3,10, 12,13, 21,22, 27,37}
x {1,6,28,29,30,36 "9, 15,32}"0 (20, 33},

C13 = {14,38}° {7} (16,17}°{2,4,5,8, 11,23, 25, 31, 34}
x {1,3,10,12,13,18,19,22,24,26,27,28,29,35,37}"
x {6,9,15,21,30,32, 36} °F+ (333" F (20},
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S13 = {8}{7, 11, 14} 1127} (2 3, 4, 5,35,38}"
x {12,18,21,22,23, 31} o001
x {1,6,10,16,17,19,24,25,26,28,29, 34} {13, 30} "1 {36)} bl ="]
x {9,20,32}%,
T14 = {8}"{7,11,14,27,35, 38}*{2, 19}°1
x {4,12,18,21,23,24,25,26,31}"'{1,3,6,10, 13, 16,29, 36}
x {28, 3011115, 17,32, 34, 37}"E{9, 20, 33},
w14 = {14}"{7,38}""" 14,8, 11,23, 35315, 16,17, 24, 31} b2t
x {18,22,25,26,34}"(1,2,3,10,13,19,21,27,29}*3{12, 37}"
x {6,28,32,36}°0%% 19 15 30112120, 33},

C14 = {14}{38)°M0i {7}l g8 10, 11,25, 29,31, 34, 35}l (5, 13}1b03*
x {1,2,3,18,21,22,24,26,28,32, 36,37} {12, 19,27}°F
x {6,9, 15,30,33}°551120}°,

S14 = {8,14}"{3,7,38}"""42,4,5,11,12,21,22,27,31}"
x {18,19,23,25}"1{1 6,10, 16,24, 26, 36}"
x {13,17,28,29,30}°1{15, 34,35, 37}* 119 32 331120}

T15 = {8Y™{7,14,19,24,26) > 127 381 11 18,21, 22)"
x {2,4,5,6,12}"(10,13,23,25 29,31, 36}"
x {1,3,15,16,17,28, 30, 34,35}#11{32 37}"(9 20,33)*

w15 = {14}vh{7’ 38}ib{h.vh]{4’ 8, ll}h{m’ 31}b[h]{5, 17, 23}%[32,},]
x {10,18,19,21,22,24, 26} (1 25}
x {2,3,12,13,27,28,29, 34,35, 36,37)°{6,9, 15,30, 32, 33}
x {20},

Cl5 = {14}\4?!{7, 38}ib[b,vb]{4’ 16}b{23}ib[ﬂ3,b}{5, 17, 25}nt[33]
x {1,2,8,10,11,13, 18,22,28,31,32}*{12, 21, 26, 29} °1**
x {3,9,19,24,27,30, 34,35,37}*t)(6 15 33, 36)*{20)°,
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S15 = {7,8, 141" (3,4, 11}°0"*)(12,21, 3g)nl
% {5,10,18,19,22,23,27, 31, 36} {2} 0]
x {1,6,16,17,24,25,26,29}* {13, 15,28, 30, 34, 35}
x {9,32,33,37}°F" 120},

7.3. Composing the strings

Beginning from data present in the strings, we aim at obtaining classifica-
tions related to the constitution of boys for each age. We carry out the fol-
lowing compositions:

Cl13 = TI3OW13$C130513, C14 = T140W140C140514,
C15 = T150W15GC150815,

where C13, C14, C15 are the attribute strings related to the constitution at 13,
14 and 15. The computation furnishes the following results:

C13 = {14} 17, 8} 11 3815 3530012 416,23, 27,31} 004
x {3,18,19,22,24,25,26}"#4 110,12, 17,21}*
x {1,6,13,28,29,34}°{15, 30, 36, 37} {9, 23, 33} {20}",

C14 = {14}"{3g} "7, gyl (g, 113
x {2,5,16,19,22,23,25,27, 31,35} "<
x {3,10,17,18,21,24,26}"#4{1,12,13,29}* {34, 36)""
x {6,15,28,30,32,37)""*(9 331" {20},

C15 = {14)PFI{7}blsstirg g 3g)l 1}
x {5,16,18,19,21,22,23, 31}"#110, 12,17, 24, 26, 27}"
x {1,2,3,25,36}{6,13,28,29)1{9, 15,30, 32, 34, 35, 37} "1
x {33120}

It is worth noting that empty clusters are not present in the strings. Thus to get
the final result we compute C = C130C140C15 and we obtain
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C = {14)°Fi {7yl g 3gyleifg 11}
x {2,5,16,18,19,22,23,27, 31} 413 10,17,21, 24, 25,26, 35} "
x {12}*{1, 13,29, 36}""1{6,9, 15,28, 30, 32, 34, 37} °¥*4 {33}
x {20}".

7.4. Comparing the results

We wish to compare our results with those reported in [28] and summarized
in Table 2, Our results are

C = {14)™1 {7y "8, 38} melra 113"
x {2,5,16,18,19,22,23,27,31}P04"(3 10,17,21, 24,25, 26, 35}
x {12}*{1,13,29,36}"416,9,15, 28, 30, 32, 34, 37} o=
x {33201,

We note that for almost all individuals the results are identical. If we attach the
labels strong, rather strong, average, weak to clusters 4, D, C, B, respectively,
the differences in the results are very small. Attaching these labels to the
clusters obtained via the 3-way data fuzzy clustering 1s not arbitrary. In fact, we
remember that cluster 4 includes boys with strong constitution, C and D av-
erage and B weak. However, our clustering is more “readable”, for example, it
is apparent that the individual 33 is slightly stronger that 20 and this result is
coherent with Table 2, whereas 20 is present in cluster B with a membership
degree greater than 33.

In conclusion we can adfirm that our clustering methodology is satisfactory
since grades adequately all individuals and attains the same levels of fuzzy
clustering with additional advantage that results are immediately under-
standable thanks to linguistic labels.

7.5. The relevance

Given the attribute strings €13, C14 and C15 one could be interested in
singling out the one which has given the most relevant contribution to the final
result C. In other terms, we wish to investigate how the constitutions of the
boys at the different ages have affected the global assessment.



L. Di Lascio et al. | Internat. J. Approx. Reason, 26 (2001) 146 7

Thus we have to compute RS, RSy, RS 5. We have
ey = 6232, G, = 6690, g =4441, poy = 0.947166,
Pois = 0947166, pcis = 0.946477.

The final result is

RS, = S5 * pers = 62.32 % 0.947166 = 59.02738,
RS, = S, % pers = 66.90 % 0.947166 = 63.3634,
RE,s = uS)5 % peys = 44.41 % 0.946477 = 42.033.

We see that the most relevant string is C14, However, the difference between
C13 and C14 is slight whereas the difference with C15 is high. This fact implies
that the final constitution is mostly affected by their constitution at 13 and 14.
1t is worth emphasizing that our measure of relevance is unable to evaluate the
attributes, but measures how much the classification induced by the attribute is
affected by the latter.

8. Resolving the equation 40X = B

In this section we are going to introduce a new operation in order to solve
equations in ${U). In some way this new operation reminds us the division for
real numbers, ust as the operation ¢ resembles to the multiplication. This
approach allows to state some existence theorems for the composition of
strings in S(U).

8 1. Motivation

Suppose that we are evaluating a sample of individuals with respect to a
specific pathology ¢ and in connection with the pathologies a and b. Suppose
that the incidence of ¢ and a on our sample is known and it is represented by
the strings C and A, respectively. We aim at determining how the pathology b
affects the string C, i.e., we look for the string B such that AQB = C.

It is worth emphasizing that in such way one could, given a “goal” classi-
fication C, one can get it beginning from a classification 4. Thus one can solve
equations in (S(U), $), where the attribute string plays the role of unknown
variable. However, given two strings 4 and C, we are not sure that there is a
string B such that AQB = C. In this section we are going to give a formal ap-
proach to the problem taking into account first the second parts and then the
first parts.
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8.2, The operation % for the second parts

K69
=]

The operation for the second parts will be denoted by the symbol and its
result, if it exists, is got by solving a system of equations. Consider the fol-
lowing:

Definition. Let
Uy - - -0 (K, dgr, @z, dgn) and  yoy_ .oy Ckeodey,dea, ... des)

be, respectively, the second parts of two string 4 and C such thats —n+1 > 0,
then we define the binary operation % as follows;

[0ttt - 00 (Kaydar,dazy ooy dan)]%[y, 761 - 11 (kesderdea, - - -, doy))
= [ﬂswnAHﬁx—n o ‘ﬁl (kﬂﬁ dﬂl’dﬂzi e adﬂ.!'—n-i-l)]!

where ky = kc ~ k; and the values d; are either the possible solution of the
following system of s equations in § —n + 1 unknowns

Ej:l,...,i(dAf+l—j * dgy), I<ig<s—n,
der = 8 Doimt, et (i1 % dig), s—n+lsisn—l,

fmi—rt 1, s—ntl (d-‘”'|"]_f * dB..")J h g 1 "‘<- ¥

if n > 5 — n+ | or of the system

2 et (i1 * daj), l<ign—1,
dey = Ej:i—n+l..-.,£(d/!i+|—j * dy), nEiss—n,
FT N W SN | (df“'*‘l“f * dBf)J s—n+l<iss

fngs—n+1.
In turn, the values 5, are computed either solving the following system:

l/((kA + kB) . dc.r') * Ejzl,...,f dBj * dAl’—j-lvl *® (k.d *dp iy +kg * bj),
1€igs—n,

/(s 4 Fg) o) %20 101, oot % Gtizpaer % (K % @impur + s % By),
s—nt+l<i<n—1,

1/ (g +hp) - deg) * 3 i i, mnet Do7 % Qaicjr * (k% @p_pi1 -Hhp % by),
ESES

h=

if # > s —n—+ 1 or the system:

U/ ((la+ ) dlei) % 30y dpi* daicysr * (Rax @iy + Fp % by),
1<ign—1

1/ ((ka+kn) deg) % 320ipp,  * aimpt * (Ra % Qimj + a2 D5),
RLISKS—n

1/ ((katkg) deg) % 3 iimpi, et Aoy % duimjiet # (k% @iy + kg % by),
s—n+1giks

Yi=

ifng<s—n+1.
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This new operation is defined if and only if the previous systems have so-
Iution and the following propositions hold true:
1. the quantities §; are triangular numbers included in the interval [0, 1];
2. kg > 0 and dg > 0 for every i, moreover the values &y and dy; are integers.

Example 1. Consider ooy (ky4, dy2,dnr ) = [0.5,0.7,0.9][0.3,0.5,0.8](3, 2, 2} and
let VEVEYS (kc, dcg,, dcz, dg|) = [04, 06, 07] [03, 05 06] EOZ, 047 05](5, 3, 4, 3)

Wehaves—n+1=3—-2+1=2 and consequently n =3>s—n+1. We
solve the system

doy =dy *dp, dox=dprdmn+do+dn, doz=dg=*dp.
Replacing the values one has
3=2xdp, 4 =2%dp+2xdy, 3=2xdp.

Because it is required that dp =3/2 and ds, = 3/2 we can adfirm that
ozt (hq, daz, da1 Y Yoy37:) (ke, des, dea, dey) 1s not defined.

Example 2. Suppose that ogoamu (ky, du,das, diz,da) = [0.8,1,1]{0.5,0.7,0.9]
[0.2,0.4,0.6][0,0,0.2)(1,1,1,1,1) and ygysya¥sys¥: (ke des, des, des, des, ez, der) =
0.8, 1, 1][0.5, 0.8, 0.9](0.4, 0.6, 0.7][0.2, 0.4, 0.6][0.1, 0.2, 0.4][0, 0, 0.2)(2, , 2, 3,
3,2,)s—n+1=6-4+1=3>0.Moreovern>4>s—n+1.

We compute the quantities dg;

dC.'l =dAl *dg], dczzd,il *dBZ +dA2*dB|:
dC3 = dA3 * dBl +dA2 ¥ d32 =+ dAl * dBL
dea = dyg * dg) + dgs * dpy + dyp * dp,

2 — A oA oA oA
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vy = [(kg + kg) < dei] ™" # dygy x dpy kg % oy + kg B
¥2 = [(ka + k) = dal ™' * [dia * dor (ks + o + s + 1)
+ dygy * dpy(kg * oy + kg + )],
vs = [(ky + k) % des] ™ * [das # dy (kg * ot + kg % B))
+ day % dmp(ka % 2z + kp % By) + da % daglks + o0 + kg % )],
vy = [(ka + k) % dal ™" * [dag % dii (kg % 00 + kg % B))
+ dyy * dpalky * o3 + kp * ) + daa # dps(ky * 00 + kg % 3],
¥s = [k + ks) % des] ™" * [daa * dpa(ka * s + kg % B)
+dgs *+ dpslky * a5 + kg * B5)],
Ve = (k4 + ka) * dcs] ™ # da * dia (ke + ota + kg + B3)
replacing the values we have:
[0,0,0.2] = 1/2 ([0,0,0.2] + B,),
[0.1,0.2,0.4] = 1/4 % [([0.2,0.4,0.6] -+ £,) + ([0,0,0.2] + f,)],
(0.28,0.41,0.58] = 1/6 + [([0.5,0.7,0.9] + 8,) + ([0.2,0.4,0.6] + ,)
+(10,0,0.2] + 83)],
[0.41,0.58,0.71] = 1/6 + [([0.8,1,1] + B,) + (]0.5,0.7,0.9] + f,)
+ {[0.2,0.4,0.6] + f5}],
[0.57,0.77,0.87) = 1/4 % [([0.8,1,1] + B,) + ([0.5,0.7,0.9] + 8,)],
[0.8,1,1] = 1/2 % ([0.8,1,1] + f5)
and then:
B, =1[0,0,02], B, =1[0.2,04,06], f =[081,1]
And finally:
[tactsctzcts (K, daay sy dazy dai ) Vo[ v s Vavsv2y (hey des, desy dea, des, dea, der)]
= B3 BB ks, dps, dpa, di) = [0.8,1,1][0.2,0.4,0.6][0,0,0.2)(1,1,1,1).

Because the quantities f§; and dy; are solutions of the system of equations be
means of which the values d and vy, are obtained, we have the following

Proposition 8.1. Let [0 ... (kg din,dia,...,de)] and [y, %
(ke,der,dea, . .. des)] be the second parts of two attribute strings. Then
[“n'xn-l ] (kA: dy,da, ... ’dAn)]{V"h’s?s—l <N (kCa dev,dezy - s dCS)]

= Byt Been - - By (kpydpi,daa, - - -, dps—nat)]
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if and only if

[anan—l g (kA:dAh dAZa e 1dAn)]°
X [ﬁs—nHﬁs—n T ﬁ] (kB-: dBlsdB2: v :st—rH—l)J
= [Y.c?.s'—[ "'y] (kC-;dCl;dCZy- --adCsH-

8.3. The operation|for the first parts

We define now the operation/for the first parts:

Definition. Let a,a, | ...a; and ¢,c,_;...¢, be the first parts of two strings 4
and C and suppose that the following conditions hold:

l.cy Cay

2. ¢ Cay;

LUb=0U.

Then if s — # + 1 > 0 we define a,a, | coe@fesCoy .| = bpbp_y ... by, where

m:s—n+land

i—1 5
b; = [c‘-\(Uij U [ U (c,-maj£+,)}, con 1<i<s—n+1,
=0 Jeitl

where we consider b, = & and a; = &7 for every i > n.
In case the previous conditions do not hold the operation is not defined.

Propesition 8.2. The operationtis well defined.

Proof. We have to show that b, N b, = & for every k # z. One has

o\ @ goroer
P

suppose, without loss of generality, that k < z; then the parts

()] e [\ ()

respectively of b; and b., are disjoint becausc such are the quantities ¢, in turn,
the quantities

and
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Proposition 8.3. For each couple of first parts a,a,.1...ay and ceoy oo If
there is bpbm_1 ... b tale such that agd,_) ... a; * bybu_| ... b = ¢ 1 ... ¢ then
one has auiy_y .. .41 /CCs( - Cl = bpby_| ... b

Proof. Consider the string ¢,c,_; . .. ¢|, one has ¢; = a; N &, thus if our aim is to

deduce b; we can just say that b 2 ¢|.

However, we also have ¢ = (b Nay} U (b2 N @) and from this it follows
by D ¢z May since in ¢; are present only elements of a;, @y, by, by, consequently
all the elements that beiong both to ¢; and ap belong also to &;.

Moreover, one has by 2 ¢2/b;, because all the elements of ¢; that do not
belong to b, are to belong to (b2 Ma;) and thus to bs.

The previous analysis can be summarized as follows: &, 2 ¢ U (¢; Nay) and
by D e\ by

In a similar way one can consider ¢3 = (& Na3) U (b2 Naz) U (b3 May) and
we get

by 2 U (sz_]ag) U ((.‘3 ﬂa;),
bz :_)Cl\b] U(c3ﬂa2),
b, 203\(5[ sz).

In such way we get the formulas of the operation/for the first parts:

g = [cj\(,-—' bj)] u |: O (Cjﬂaj_m.[)},
j=0 J=ith

where 1 <igs—n-+1 (by = @ and a; = J for every i > n). In case Ug, = U
then we reach the conclusion that g; = b; for every i, because additional ele-
ments cannot be added to the g; which, in turn, represent a partition of /. [

We note that the operation/cannot always be seen as the inverse of the
operation *. Thus the following proposition, given a couple of first parts

Apln1 - -- @ and ¢, ... ¢, gives us a method to verify the existence of a string
bubmey ... by such that a,a,_y .. @1 * bpby ... b = 01 ... €.

Proposition 8.4. For each couple of first parts a,a,, ...ay and cye5_ ... ¢ there
is byb,_(...b such that a,a,_;...a % byb,_1... by = ¢y ...y if and only
if {awp_y .. aifccsr...c1) is defined and ayan.y...a % (@u@1 - 1]
Cillym| 1 €1) = C4Cymf + .. C].

Proof. If (a,a,.;...a1/c,co—1...c;) is defined one has a,a,..a x(@.dpy...a1/
€4Cs— 1 €1 ) =CsCsr..C1, then Bybp_t...or= (Qultni...d1 [/CsCom1..C1)-
The inverse implication stems directly from the Proposition 8.3. .0
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Example. Consider the previous examples.
e When ma; = {a,b}{c,d} and cice; = {a}{b,c}{d} and aa /ciczcr =
by = {c,a}{b,d} we compute aa) * bab,.

{ab} fcd} ¥

{ca} {bd} =
{b}  {d}
{a} {cl -

{a}  (be} {d}

thus axa; * ba2b| = 3000,

e In the other example, we have asasma) = {a,b} {c,d,e}{f,g}{h} and
esescacacac ={bH{at{cHeH{d,/.g}{h}, where asaara) fescscacicrer = bibab =
{bHa,c.d}{f.g,h,e}. We compute azazara)*b3brby:

{ab} {cde} {fg} (h} =
{b} facd} (fghe}

@ e} {fg} {h]
{a} {cd} @ @ -
b} @ @ @

{b} {a} {cd} {e} {fg} (b}

thus
agazaaa) * bababy = (b} {a} {c,d} {e}{f g} {h} # cscscacscacr.

However, if we compute aa:ama/{b}{a}{c,d}{e}{f,g}{n}. We get:
b= R U{f.8}U{e} = {e.f 8.k}, b= BUSU{c,d}Ula) = {a,c,d}
and by = U UG U {b} = {b}. Namely the previous result, as foreseen, by
the Proposition 8.3.

Now we are going to define a new operation, denoted by - and we show
that, provided some conditions hold, the equation A0X = C, has the only
solution X = 4 C.

8.4. The operation  for the attribute strings

Definition. Let 4 = a%a™ ... a®ad™ (kg dyn, ... dg2,ds1) and C = cle™| ...
i n “n—1 2™l 1y 4, . f 3 5 w51
el {ke,dey, ... dea,dc,y) be two attribute strings. Then

A C= bﬁs—”-‘-lbﬁm_l e ngbfl (k31 dB,s—n4-l: N Jd3,27d5,1)'

s—n+l Ym-1
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If and only il ana._;...a1/cc—y ...y is defined, aya,1...a1/cCmr. 04 =
bmbm_l e .bl and

[t o0y (hgydaydaz, o dan)) %[y Yoy 91 (e der,den, -y de)]
is defined and one has
[tttnt « oot (kay dar, dans - dan)|Y0[vsvesy -1 (heyden, des - - dcs))]
= [ﬁ _n+1ﬁs-n B (kBadBI:dBZa s 1d3.5'——n+|)]-
Moreover, one has
ApUN =N UNpd=4 and Avd=UNC

For every string 4 belonging to S(U). In the other cases the operation is not
defined.

Proposition 8.5. For each couple of strings A and C if there is B such that
AQB =C then B=Av C.

Proof. We note that the operation 1> arises by applying the operations / and %
to the first and second parts, respectively, hence the proof follows from
Propositions 8.1 and 8.3. 0O

Given 4 and C, the following proposition is very useful to verify whether a
string B exists such that 408 =C.

Proposition 8.6. For each couple of strings A and C there is a string B such that
AOB = C if and only if 44(41C) = C.

Proof. Immediate from Propositions 8.1 and 8.4, [0

Example. Consider
A =dpayalal (ka,daa, da,daa, dat)
= {a, b}[o.s.l,ll {c,d, 2}10-5,0'7,“'9] i, g}io.z,u.:q,o.e] { h}[o,o,o.zl (1,1,1,1,1)
and
C = cleckciecie (ke,des, des, dea, des, der, der)
= b}m.s,l,l} {a}[o.s,o.s‘o.c)] {c}[{).d,ﬂ.ﬁ,ﬂ.‘f] {e}[o.z,o.a,o.sl {d, f’g}[0.1‘0.2,0.4] { h}[(),0,0.2]
%x(2,1,2,3,3,2,1).
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From previous examples one has
[sstssaery (ki das, dis, daz, da)|%0[vs7svav37271 (Ko des, des, dea, des, dea, den )]
= 888, (ky, du3, dyz, ds) = [0.8,1,1][0.2,0.4,0.6][0,0,0.2](1, 1,1, 1)
and
asayaaa) [cecscacscrey = bibsby = (b} {a,¢,d} {f, g, h, e}

A b C = bgjbgzb'{j] (kg, dgg, dﬂz, dEl)
= {b}m-s,l’l]{a! <, d}[0.2!0.4!0.6]{f: g, h!e}[o‘o,ovz](ly 1» 1! 1)

9. Further processing case study data

We remember that in case study we have obtained the following results as
regards the average constitution of the boys in the sample:

C = {14}"F{7yPbstlyg agynisleq 11y
x {2,5,16,18,19,22,23,27,31}P04"3 10,17,21,24,25,26,35}"
x {12}*]1,13,29, 36} {6,9, 15,28, 30, 32, 34, 37} P4l 330l
x {20}

Suppose now that we look for the classification at age 15 such that the indi-
vidual 20 might aftain an average constitution better than “rather weak™.

For the sake of simplicity we just take into account the subset of individuals
1,3,10,14,20, i.e., those that most affect the classification. Let us consider the
classifications C13, C14 and C15 as starting point, then:

Cl13 = {14}b[5t]{3}nt[a4]{10}514{1 }b[a‘i]{zo}wj
c1a = {14)°F3, 103" {1120},

C15 = {14}°¥1 {10303 1} 201,
such strings can be written in full as follows:
c13 = {1 4}[0.74,0.94,0.931 [3}026046066 (1011020406111 }[0.160320.52

x {20490 1 1 1,1,1, 1),
Cl4 — {14}[0.74,0.94,0.98]{3, 10}E0.26,0.46.0.66]{ 1 }[().2'.,().4,!(1.6]{20}[0,[),[).2](17 17 1, 17 1),

Cl5 = {14}[0.74,0,94,0.98}{ 10}[0.26,0.46,0.66]{37 1}[0.2,0.4,().6] {20}[0,0,[).2](1, 1: 1, 1, 1)
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the composition of C13 and C'14 gives
Cl 30Cl4 — {14}[0.74,0.94,0.98]@[0.5,0.7,0_82]{3}[0.4.0.6,0.74]
% {10}[{}32,0‘49,0.65] (210220.370:53] {1} 0:13.026.046) 510.5.0.18,0.35]
x {2040004(21,2,3,4,4,3,2,1)
~ {1 4}h{stj {S}ib[ad,rsl {10};11[34] {1 }ib[w,a4] {20}
and finally:

C=Cl136C144C15
= {1 4}{0.74,0.94,0.98] Q[o.ss,o.vs,ﬂ.sﬂ @[0.49,0.69,{).81] g[0.42,0.6,0.74] (3,1 0}[0.34,0.5| 0.67]

0.27,043,0.60) e [0:22,0.36,0.54] [ 1 1[0.16.0.27,0.46] c[0.1,0.19,0.39] —[0.06,0.£2,0.32
x gl det 11} ] | s ]

x {20}°%0%(3,1,3,6,10,13,14,13,10,6,3, 1)
~ {]4}b[bt]{3, 10}ib[.’14,l’§]{1}ib[w,zl4]{20}w'

Thus, if our wish is that the average constitution of individuals 20 and 1 might
improve in the future, namely having the following classification:

C = 4}[0.?4,0.94,0.98] g[en.ss,(m.'fs,n.sv] g[().49,(],69,0.81] @[(1.42,0.6,[).74] (3, 10}{0.34.0.51,0.67]

x g[0.27,0‘43.0.60] {1 }[0.22,[).36,0.54] {20}[0.16,0.27,0.46] @[0.1,0.19,0.391 Q[o.os,o.lz,o.sz]

x @013 1,3,6,10,13,14,13,10,6,3,1)
the constitution of the boys at 15 would have to be C'15 = (C130C14)C, ie.,
c'1s = {14; 20}[0.?4,0.94,().93]{]1 -l0}[0.26,0.46,0.66]{3}[0.2,0.4,0.6]@[0,0,0.2}(1, 1, 1 ’ 1 , 1)
- {14, 20}])[51}{ l, 10}n1[84]{3}a4.

However, this result requires that the individual 20 weak at 14 would become
strong at 15 and this fact is very unlikely. Thus we should look also for another
classification at age 14, namely C'14. Because

C136C14 = {1 4}[0.74.0.94,0.98} ofi050.7082] {3}[0.4,0.6,0.74] { 10}[0.32‘0.49,0.65]
x (022037053 {1}[0.13,0.26,0.46] (751009018038

x {20}°002(21,2,3.4,4,3,2, 1)
we look for (”14 such that
C130¢14 = {1 4}[0.74,0.94,0.98] Qj[o,s,o,-f,o_sz] {3}[0.4,0.5,0.74] { 10}[0.32,0.49,0.65]

% Q[().22,0.3?,(].55]{] }[0.[3,0.26.0.46]{20}[0.0’9,0.18,0.38]

x 000212 1,2,3,4,4,3,2,1)
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and we have
C'14 = {1 4}[0.74,0.94,0.931 {3, 1 0}[0.26,0.46,0.66] {1, 20}[0-2,0-4,0-6]QIU.U.U-ZI(I’ 1,1,1,1}
~ {14)°F1(3, 10}"B4 1) 20},
Thus we get
C'15=(C130C"14) C
= {1 4}[0.74,0.94.0.93] {1,10, 20}[0.26,0.46,0.66] {3}[0.2.0.4.0.6] @lo,o,o.z](I’ 1,1,1,1)
o {1‘:1.}|:)[5t]{17 101 20}“1[&4]{3}34-

In other terms we have tried to develop a growth plan for boys 1 and 20 in
order to investigate how their average constitution can be benefically affected.
Our results can be summarized in the following table:

Age 1 i 20 20
Actual Programmed Actual Programmed
constitution constitution constitution  constitution
13 blaverage blaverage Weak Weak
constitution] constitution]
14 Average Average Weak Average
constitution constitution constitution
15 Average nt[average Weak nt[average
constitution constitution] constitution]

10. Further developments

In this section we just quote some trends for our research.

10.1. A metric space on S(U)

Our strings consist of not homogeneous quantities (sets and fuzzy numbers)
thus it is difficult to find a function able to represent the inherent complexity of
the strings. It is a hard task finding a function f such that f(4) # f(B) < 4
# B. It could be useful thinking to a string 4 = a™ ... a}a]' as an array

(1/’6_4,]1(!1,,),(1,,, l/d,,,h(oc,,_l),a"_l, l/dﬂ, . .,h(al),ocl, l/dl))

With h(a;) we mean the number associated to the subset a; of U, where we
suppose that the function A is positive and strictly increasing with respect to the
cardinality of the subsets and moreover (&) = 0.

We note that in the #n + 1-ple 1/k; and d; are present and this happens be-
cause our n + 1-ples should agree with the definition of <.
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Now we can introduce a measure of distance for the arrays [3,22,26). In fact,
let A = aa™ ... .a®a¥ and B = b=t pl2b be a couple of strings and let
(1, %2,%3, 00, Xem1,%s) and (1,32,35,...,%1,%) be two associated arrays,
where s = max(2 xn 4 1,2 = m+ 1) and the shortest string of s is “filled up”
with NT instead of the label, with 4() instead of the subsets, and with 0 in-
stead of 1/d.. _

For example, if A=lab,f, d|'lce i g4 (42,32 and B=
a,b,c,e, % If,d, g, h""(8,2,2), then the corresponding arrays are: (1/4, t,
h{{a,b,f.d}), 112, at, h{c,e,i}), 13, f.h({g,k}), 1/2) and (1/8, ct,
h({a,b,c,e,i}), 12, ntlet], A({f,d, g, h}), 1/2, NI, h(2)).

We can aiso introduce a distance function on S{U}):

g
d(4,B) = Z e — 31
i=l

where the difference between two labels |x — B, (¢ = [wi,w;,w;] and
B =1z1,22,z:]) can be interpreted as |w| — z)| + |w2 — 22| + |ws — z3] and where
the labels NI and NC can be viewed, respectively, as [-1,-1,-1] and
[2,2,2].

10.2, The weights

Once we have generated the strings to “multiply”’, we obtain a resulting
string which represents a new classification, considering all the attributes in the
same measure. In practical situation we know that frequently the influence of
an attribute on the results of the classification must be differentiated from that
of the other attributes. We note that in [18,20] a weighting mechanism has been
introduced, however, it is not compatible with the algebraic properties of the
l-monoid and thus a new strategy should be devised.

11. Concluding remarks

In this paper, we have illustrated the basic properties of an algebraic
structure and we have applied the structure to a well known case study present
in the literature. Our approach can be summarized as follows:

1. A classificationis a particular string, and more classifications can be multi-
plied by applying the operation ¢. In such way a new classification is ob-
tained which takes into account clusters and fuzzy attributes of the initial
strings.

2. A linear ordering 1s present in the structure, so that strings can be compured
as regards their contents of information. Once the ordering relation is intro-
duced the structure becomes a /imited distributive lattice.
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3. The structure includes special linguistic labels: Noz compatible and No infor-
mation. Introducing these labels allows that the structure be endowed with a
unit element with respect to the operation ¢ and a minimum element with
respect to the ordering. In such way the structure becomes an integral com-

" mutative L-monoid.

4. We have tackled the problem of solving the equation AQX = B, namely, given
a classification B and a component 4, find the other component X. This kind
of problem has been rarely tackled, however it is relevant for applications.

5. Finally, the concept of relevance of a component classification with respect to
a resulting classification and the concept of absolute relevance of a string
have been introduced. The two measures of relevance give rise to the total
relevance.

The methodology has been compared with the 3-way fuzzy clustering one
and the results are encouraging. Our approach introduces a suitable framework
in the field of soft computing and it appears as a tool flexible and powerful for
data processing in fuzzy environments, We think that it is important to place
the research for classification algorithms in a suitable theoretical framework.

Appendix A

{gf @ fcd) {ef] {ab] & @
{abf} {ed) {gc)

fgy @ (¢} @ g @
g o {dl {e} @ @ -
@ @ @ |(fy {ab] @ -

@ @ g} {df}{abece} & @& &

the associated list is

1 2 3 3 2 1 ®
1 1 1 =
i 2 3 3 2 1
1 2 3 3 2 1 -
1 2 3 3 2 1 -
1 3 6 8 8 6 3 1
thus

dunotoagie) = 1 dunofarougiez = 3 Granotaroagiies = 0 @ralofuougies = 8
afofaongies = 8 danotagagiies = 6 Aalofatoagiles = 3 taliofatoagies = 1
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Kalioratdagite = Kiallofar -+ Kagite = 2+ 1 =13

for the second parts one has:

o O O Oy o oy ©

f: B B =

g1 a5y Ay A3y -3 B3 B

253 dsz a3 @z 3 412

43 d53 A3 @33 dz3 43

Vi

Y» Vs ¥s Ya Ys 2 N

a1, = duitotar, 1 * dagite,1 * (Ktalioar * &1 + Kagite * 51)
=1 1%(2#[0,0,0.2]+1%[0,0,0.2]) = [0,0,0.4] +[0,0,0.2] = [0,0,0.6],
aiz=1%1#(2%[0,0,0.2]+1%[0.2,0.4,0.6]) = [0,0,0.4] + [0.2,0.4,0.6]
~10.2,0.4,1],
as=1%1%(2%[0,0,0.2]+1%[0.5,0.7,0.9)) = [0,0,0.4] +[0.5,0.7,0.9]
—[0.5,0.7,1.3],
ar = 2% 1% (2%[0.1,0.2,0.4] + 1#[0,0,0.2]) =2+ ({0.2,0.4,0.8] +[0,0,0.2})
=24[0.2,04,1]=[0.4,0.8,2],
2 =2%1%(2%[0.1,0.2,0.4] + 1 ¥[0.2,0.4,0.6]) =2 ([0.2,0.4,0.8]
+10.2,04,0.6)) =2%[0.4,0.8,1.4]=[0.8,1.6,2.8]
—24[0.2,04,1]=[0.4,0.8,2],
tr3 =2 1%(2%[0.1,0.2,0.4] + 1%[0.5,0.7,0.9]) =2 % ([0.2,0.4,0.8]
+10.5,0.7,0.9)) =2%[0.7,1.2,1.7) =[1.4,2.4,3.4],
a3y = 3% 1 (2%[0.28,0.41,0.58] +1#[0,0,0.2]) = 3+ ([0.56,0.82, 1.16]
+10,0,0.2]) = 3#[0.56,0.82,1.36] = [1.68,2.46,4.08],
a3z =3+1%(2%(0.28,0.41,0.58] + 1 ¥[0.2,0.4,0.6]) = 3 ([0.56,0.82, 1.16]
+10.2,0.4,0.6]) =3%[0.76,1.22,1.76| =[2.28,3.66,5.28],
33 =3% 1% (2%[0.28,0.41,0.58) + 1 [0.5,0.7,0.9]) = 3 % ([0.56,0.82, 1.16]
+1]0.5,0.7,0.9)) = 3%[1.06,1.52,2.06) = [3.18,4.56,6.18],
1= 3% 1% (2%[0.41,0.58,0.71)+ 1(0,0,0.2]) = 3 ([0.82,1.16,1.42]
+[0,0,0.2]) = 3%[0.82,1.16,1.62] = [2.46,3.48,4.86],
a2 =3%1%(2+[0.41,0.58,0.71]+1%[0.2,0.4,0.6)) = 3+ ([0.82,1.16,1.42]
+]0.2,0.4,0.6]) = 3%[1.02,1.56,2.22] = [3.06,4.68,6.66],
a3 =3+ 1%(2%[0.41,0.58,0.71]+ 1[0.5,0.7,0.9]) = 3+ ([0.82,1.16,1.42)
+10.5,0.7,0.9)) = 3%[1.32,1.86,2.52] = [3.96,5.58,7.56],
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as) =2+ 1%(2%[0.57,0.77,0.87)-+ 1¥[0,0,0.2]) =2 ([1.14,1.54,1.74]
+[0,0,0.2])=2+[1.14,1.54,1.94] = [2.28,3.08,3.88],

a5 =2# 1% (2%[0.57,0.77,0.87] + 1 [0.2,0.4,0.6]) =2+ ([1.14,1.54,1.74]
+10.2,0.4,0.6]) =2[1.34,1.94,2.34] =[2.68,3.88,4.68],

as3=2%14(2%[0.57,0.77,0.87) +1+[0.5,0.7,0.9]) =2x([1.14,1.54,1.74)
+[0.5,0.7,0.9]) =2+[1.64,2.24,2.64] =[3.28,4.48,5 28],

a6 =1%1%(2%[0.8,1,1]-1%[0,0,0.2]) ={[1.6,2,2) +[0,0,0.2)) =[1.6,2,2.2],

a6z =141%(2%[0.8,1,1]41x[0.2,0.4,0.6]) = ([1.6,2,2] +[0.2,0.4,0.6])

=[1.8,2.4,2.6],
g3 =1x1%(2%[0.8,1,1]+1%[0.5,0.7,0.9]) = ([1.6,2,2] + [0.5,0.7,0.9])
=[2.1,2.7,2.9],
thus we get
71=[(Kuatiotar +agite)*Fraliotaeongie ]| *ar, =3%1]""[0,0,0.6]=(1/3)[0,0,0.6]
—[0,0,0.2]=F,
ya=(1/9)(0.2,0.4, 1]4+[0.4,0.8,2])=(1/9)[0.6,1.2,3]=[0.06,0.133,0.33]
~ib[F,AV),
py=(1/18)%([1.68,2.46 4.08]+[0.4,0.8,2] +[0.5,0.7, 1.3])=[0.14,0.22,0.41]
~ib[F,AV],

142:(1/24)+([2.46,3.48 4.86)+[2.28,3.66,5.28]--[1.4,2.4,3.4])
=[0.25,0.39,0.56]~AV,

75=[0.355,0.54,0.73]~ib[AV,V],

75=1[0.45,0.63,0.8]=b[V],

7:=[0.5,0.76,0.87)=nt]V],

v5=[0.7,0.9,0.96]~ib[V,CV],
finally one has

tallOfatOagile = PV Mg Mg, ryiavY)

x {a,b,c,e}*V @EFAVIGRFAIHF(3 1 36,8 8,6,3,1).

Consider

A ={c,g}"d" {b,e, f}*{a}",

and

B= {g}cv{aﬁda e’f}Av{ba C}Fa
C=A0B = {g}CVQAV{C, d}ib[AV,V}{e,f}AV{a, b}'ib[F,AV] @F
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Appendix B

n =#[{a}]/6 =1/6,

pr=#[{b,e, f}i/6=3/6=1/2,

p = 1/6,

pa=1/3,

iy =#{a}n]=0 pi=0 p=0 p =0
pa=#{a}n{ab}]=1 pa=1 pa=0 p=0
pip=#{a}n{e,f]=0 p3=2 p3=0 pyy=0

pa=0 Pa=0 pa=1 pia=1
ns=0 Ps=0 pss=0 pys=0
P =0 pe=0 pe=0 pssg=1

thus
uf:(O—'l/G)z-i—(l—1/6)2+(0—1/6)2+(0—1/6)2+(0~—1/6)2
(0= 1/62+(0— 1727 + (1 - 1/27 + (2 - 1/2) + (0 — 1/2)°
(0 —1/27 + (0= 1727+ (0= 1/6)> + (0 — 1/6)" + (0 — 1/6)’
(1= 1/6)+ (0= 1/67 + (0= 1/6)> + (0 — 1/3)* + (0 — 1/3)°
F(0=1/3)7+(1—1/3)% +(0—1/3% + {1 - 1/3)’
=1/36+25/36 +1/36 + 1/36 +1/36 + 1/36 + 1/4 + 1/4 +9/4
4 1/4+1/4+1/4+1/36+1/36+1/36+25/36+1/36+1/36
F1/94+1/9+1/9+4/9+1/9+4/9
=5/6+7/2+5/6+4/3=65
while p§ = 5.5.
p=1/3, p=2/3, p=1/6
pi=0 pp1=0 p3, =0
p2=1 pa=1 pp=0
P1,3=0 P2,3=2 P3,3=0
pra=1 pa=1 pa=0
ps=0 ps=0 p3s=0
P1,5=0 P2,6=0 P3,6=1

43
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thus

S = (0= 1/3) + (1 — 1/3)7 + (0 — 1/3) + (1 — 1/3)" + (0 - 1/3)"
(0= 1/3 +(0—2/3)2 + (1= 2/37 + (2= 2/3F + (1 - 2/3)’
(0—2/3)%+ (0—2/3 + (0 — 1/6)* + (0 — 1/6)* + (0 — 1/6)’
+(0-1/6)2+(0—1/6)* + (1 —1/6)

=1/9+4/9+1/9+4/9+1/9+1/9+4/9+1/9+16/9+1/9
+4/9+4/9+1/36+1/36+1/36+1/36+ 1/36+25/36
=4/3+10/3+5/6=5.5.

Appendix C

Pg = Z Z Jot; — o

i=bot—1 j=itl,..0

— (10— 0.2)+ 0 — 0.4 +]0.2 — 0.6]) + (10 — 0.8 + [0 — 1| +[0.2 = 1])
+(10.2 — 0.8] + |04 — 1| + 0.6 — 1])

—1+26+1.6=52

thus
(3 *2) x4 _
2%52 23

and p; = (2/n)arctg(2.3) = 0.73.
Finally one has RS = 1§ # py = 5.5+ 0.73 = 4.0

Appendix D

(i) Consider the string 4 = {b,d}***V{a,e, ¢} 0306077040308 (2 1,2, 1)
resulting from the composition of other strings.
We get

3 Ja— oyl = (10.6 ~0.7]+10.5 - 0.6/ + |0.4 ~ 0.5))

=11 j=ithon
+(10.6 — 11+ 0.5 — 0.9] + 0.4 — 0.8])
+(]0.7 = 1] +10.6 — 0.9] + [0.5 — 0.8])
=03+12+09=24
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Appendix B

thus

Z Z (P — pj)1

J=ld k=1

p = #[{a}]/6 =1/6,

p=#[{b,e,f}]/6=3/6=1/2,

p=1/6,

pa=1/3,

p=#[{a}nZ]=0 p1=0 pi=0 py =0
pa=#la} N {a bl =1 pa=1 pz=0 py=0
pa=#{aln{e,f]=0 p3=2 p3=0 p3=0

pa=0 Pa=0 pry=1 pg=1
ps=0 s =0 prs=0 ps=0
Pig = 0 Pz = 0 Dig = 0 Pag = 1

=(0—1/6)"+ (1= 1/6*+(0—=1/6)*+(0—1/6)*+ (0 —1/6)

+(0—=1/6*+(0—1/27+ (1 = 1/2)* + (2 = 1/2)* + (0 — 1/2)?
+(0=1/2%+ (0= 1/2)% + (0 —1/6)* + (0 — 1/6)* + (0 — 1/6)?
+(1=1/6)" + (0= 1/6)" + (0 —1/6)" + (0 — 1/3)* + (0 — 1/3)?
+(0=1/3) 4+ (1 =1/37+(0—1/3)% + (1 —1/3)?

= 1/36+25/36+1/36 + 1/36 + 1/36 + 1/36 + 1 /4 + 1 /4 +9/4

+1/4+1/4+ 1/4 4 1/36 + 1/36 + 1/36 + 25/36 + 1/36 + 1/36
+1/9+1/9+1/9+4/9 + 1/9 +4/9

=5/6+7/245/6+4/3=65

while p€ =5.5.

n=1/3, p=2/3, p=1/6
pi=0 p,=0 p3, =0
Pa=1 pa=1 pia=0
pa=0 pi=2 p3=0
pa=1 pa=1 pa=0
ps=0 ps=0 p5=0
Ps=0 ps=0 pys=1

43
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thus
(3*2)*(2+1+2+1)_3_6
2%24 T 48

and p, = (2/n) = arctg(7.5) = 0.915.
Consider now A = {5, d)PS0B8 g o ADSO68I L 0405084 1 5 1), We
have

=75

Z Z ;— o] = ([0.6 — 0.7 +[0.5 — 0.6] + [0.4 — 0.5])

B R e
+ (/0.6 — 0.7] + 0.5 — 0.65| + (0.4 — 0.6])
(0.7 = 0.7] + 0.6 — 0.65 + (0.5 — 0.6[)
=034+0454+0.15=09

thus

(3*2)*(4+]'+2+1)—ﬁ=26.6

2+0.9 18
and p, = (2/m) = arctg(26.6) = 0.97.
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