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A CALCHLIS oF PARTTTION

1) he prunose to present some applications to Pattern Recognition of
a Mwathenatical game” startod some yoeurs apo by one us (Caianiello,
1973), which as named "Cecalvulus” for reasons which will e reminded
Iy the sequel. We wish to state forthwith that it is simpler in prin-
ciple than ordinary arithmetics; various ficlds can be envis ted in
whach 1t might prove ol use: cap. minifold topology, integration
theory, fuzzy sets (where it might provide a natural tool [or naneri-
cial computation), meusure theory in physics, duta-buse structures,
neural models, ete. This, we hope, will by apparent to the romler; we
Ast restrict ourselves here only to the specific field of interest
1 the present context, We shall endeivour to keep langwipe and Urypu=
Ments as plain as the subject really is: recourse to abstract foima-
Lisia is ol'ten a disguisc more convenient te the auther than to the
reader. We bagin therefore by reminding the game with which it all
started. Take any integer positive rumbets, and amly to them the Tu-
les of aritimetics, with the Festrictions that only the Jdirect ODeTit-
tios, sum and multiplication, be allewed, the inverse ones, substrac-
tion and division, forbidden; define furthermore the sum and the pro-
duct of any two digits as follows

4t b o= omux (a,b)
axboemn (a,b)

m

Be may thus "wultinly" dny Twa such numbers, e.g. 736 and 491
91

736« 691
LI I __J_-r""__
i Lyl
731e 23
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N L3061

We find that multiplication {and addition) thus defined are always
commtiative for such "nranbers!.
It would be an cusy matter to domonstrite that, provided the "single
digit operations” (1) are meaning{ul, onc can operate in the same wiy
on ohjects (subtraction and division heing of course biarred}, such as
veetors, matrices, ete., obtaining additivity and Coamututivity when-
ever they hold in arithmetics,
These "nunbers' or "strings" of digits, with the operations (1), [orm
Cleurly a commutative semi-ring. As in arithmetics each "digit" plays
two different roles: one intrinsic to it ("cardinality'), the other
{"position") relutive to the string in which it belongs. The next re-
mark is that standard set theory treats only intrinsic properties of
sets. If in (1) we interpret + as "union'\/ and x us "intersectionA,
we can imnediately trunspoert all that was said thus far to 'strings
ol sets", or “composite sets", "C-sets" for short,
Uperating on C-sets.as before, with V and A in place of + and x in
(1) (ia,b denote now the "simple” sets of which C-sets are strings, as
the digits in the former cxample), one has “C-calculus": a commutative
semi-ring which permits, from some given C-sets, to generate any mum-
ber of other C-sets. Inverse oncrations are neither possible nor re-
quired in this context: only direct ones are permissible; one may per-
haps sce, though, advantages in being uble to express in this way
tong lists of specifications in tems of some fow basic ones.
An example of C-operation of special relevance for our nresent purpose
is the following.. Consider u segment 5 partitioned in sepnents :11, “2'
“3' cvaea, ak; this nartition A = al uz .....ak

o i 2 1 1 i A

* 2, "

Consider now the same segment mirtitioned in a different way

B h1 b2 ””'_bL

Consider now A und 0 as C-scts: the elements ol each partition, or
string, are "simple" sets; C-multinlication of A and B gives
AxB » IxA = “l Ay saees "k" bl bz ""'bt. == cl t:2 ey €

p
i it is inmediste to verify that the simple sets of the nroduct are

abtained, in erder, by joining on the seyments the temminal points of
h_m_il partitions A and B, '

The C-product of two partitions pives thus the refinement of one by
the other: C-calculus is the matural wiay of composing partitions, or
coviarings. In fact, the sime property holds true in any mawber of die




mensions, (Apostolico et al,, 1978). This is the key pronerty of
C-calenlus as regards its application to Pattern Recoynition,

2V Our interest inan anproach of this tyne to Pattern Recognition o-
riginates from the instinctive [eeling of the nhysicist when confron-
ted with problems for which a vast nunber of anproaches is proposed,
some indeed of rawirkable ingenuity and power, but none of general
(at least in some scnse) apndicability: is there some nhijosophy, or
method, that may be unplied to all problems of this sort, even if,of
course, with less abundance of results than od hoc techniques will
undoubtly provide? Does one need a languapge for thinning, one for
shrinking, one for counting, ene for studyimy textures, ene for re-
trieving objects agninst a background, und so on? or miy we, perhaps,
let “natterns” speuk for themselves, chunging the pattern itself into
something algebraic or nwneric, out of which, several, if not all,
yuestions may be answered through essentially a single basic alyori-
thn? This is, of course, a "triumerei”; but the search for "laws",ra-
ther than “rules", is a professional deformation for which a physi=
cist need not apologize, although he better be - as we certainly are-
duly apologetic about results achicvel.
laving expressed {not certuinly justified) our motivarion, we shall
substantinte it with a typical instance. Grunted a priori that a
mijor crime of Pattern decognition is the preliminary reduction of a
(say) I-dimensionad imape into pixels, and that we must so orocecd
because we are much less bright than o fly or a frog, we Find that o
rather peculiar situation then arises. Parcelling o picture into
“pixels [with tones of grey, or celour) is, logically, a narallel pro-
tess, out of which we can gather the more infomation, the [iner the
grid whose windows generite “homogenized pixels™ (from each nixel
only averages are tuhen). Suppase now that the same grid is rigidly
shitted, over the picture, by o fruction of jus window side; we my
proceed s before, und obtain some other amount of parallel informi-
tion. The question arises: can we use both informmatiens, the opne Crom
the [irst and the one from the second urid nartitioning, to get a
better, more detaided infonition on the picture? Since we are tuking
only averages from each pixel, wich tiwe, the answer is no {unless,
of course, we perlorm sume autlematical acrobuties): one of the two
readings has 1o be thrown away.
It would be nicer, one might feel, if there were a wiy of perfoming
readings from the prid such as to pemmit tq combine in a natural way
the reintings of both prids to obtain a more refine information on
the picture (as might hive been gathered by using a finer grid to be-
pin with), If one can hindle this situation, conceivably it may then
Le nossible to use several times (sorially) asingle coarser arid,
read out of it the {(parallel) information obtained by shilting the
whole grid by one sten, and s0 on. The use we intend to do of C-col-

culus is aimed at answering just this question. The "reading" from a
grid {of a suitable sort) becomes per se a C-ser; two C-sets from dif-
ferent positions of the grid can be C-multiplied; this will give fi-
ner informution, and so on,

3) Under "suitable” circumsrances {to be delined explicitly in the
sequel) this procedure cion be carried throwyh to the eatreme limit of
perfect reconstruction of the original picture (as digitized at the
finest possible level: e.g. with a 210 x 2! grid for the ogiginnl,it
miy be reconstructed by covering it stepwise with, say, a 27 x 2
grid). During this process many things which one does with specific
tecnigues, such as contour extraction, contrast enhancement, feature
extraction, etc., cin be performed by interpolating in it steps with
"answer" questions of this sort and become part of the algorithm,

But the application of C-calculus will often fail; the original imnge
miy not be thus reconstructed. There is an element to be considered,
which was before ignored through the adjective "suitable': the size
of the window. It is a feature of our apnroach that the critical size,
below which total reconstruction of the picture is impossible, is de-
termined by the struéture of the picture itself, and is not a matter
of puesswork or trial and error.

One can arrange readings, and ways of analyzing them, (rom grids ha-
ving sizes appropriates to constitute in fact filters that see some
winted features and are blind to others. Typically, consider a saucer
on i chesshoard: things can be arranged so as to see only the saucer
or only the chessboard (with a hele); or a specific commonent of a
texture, ignoripg all others, or suppress some noise, etc. Such filte-
ring does pot sinear out or enhonce; it gives at worst an intended con-
tour to the saucer, as is natural when working with grids,

A study of this filtering process (rom the point of view of rigorous
mithemitics has not been undertaken yet, again on the physicist's
view that such studies are always nossible on no matter what subject,
but that it is preferable first to test whether the subject is worth
the effort,

At this stage a wealth of tools becomes available, about which it is
better to keep a eritical than in enthused view. Host times the prac-
tical problems at hand require only partial answers for theit solu-
tion, like distinguishing between given nrinted characters. Conside=
ratios of this anture are somowhit systemized by using one such tool,
which, not surprisingly, call C-matrix; it yields useful infonnations
in several situstions of interest, we shall exhibit if mostly through
exiamples.



CONVIRCINCT, AND FLLTERING

1} Our nain tool in the application of C-culculus, to Pattern Reco-
gnition witl be, as wus said at the end of section 1-1, the C-multi-
plication ol two partitions. A and B of an N-dimensional domiin

A= il1 .......-.ilk

B = bl .........bL

which yields C=AXp = H.:(.r\nc1 cp

foeo s the refinement of A by B, or vicevePFsa, with elements

(:1 (,2 ...Cp

The sume approach ¢an be used regardless of the number of dimensions
of the pattern to be stwdied, We shall consider, for the sake of sim-
plicity and for specific relevance to M.R., only one- and two=dimen-
sional patterns (e.g. graphs and pictures); we shall also consider
only one additional dimension, which may c.g, Jdenote levels of ygrov-
ness, diseretized or nou {with colors, one mty add as many dimensions
as distinct ones are considered, etc.).

We start with one-djmensionul patterns, as it is immediate to visuali-
e in this case the provedure. We restrict our attention to aridst,
b.e. to partitions of the ubscissa X into segments, lor simplicity,of
equal tenghe, the "windows',

Twis, consider the graph of Fig. 1, where the ordinate y Jenotes grey-
ness {or intensity of sound, or local pitch...).

Discretize now the x coordinate with a grid G, of winlow w; change
the graph into a sequence of rectanles, by substituting the portien
of graph corresponding to u wiven window w, with the rectangle which
projects upon x inta w and wpon y into the sepment laving as unper
and lower extremn the maximes M'h and the miniman m  reached by the
Rraph within w  (no matter where, or haw many times). we chinge thus
the graph into a string ol rectangles

!

X
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A C-set: a partition of a graph in o string of quadruples,
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A product of the clements of two C-scEs.



The ordered sequel of all these rectangles is the C-set detemined
From the graph by partitioning the a-axis with the piven grid,

We omay naw proceed as before, after shifring the grid by o step 1 < w,
Benoting with indices 1 and 2 the two €-sc¢ts thus obtained, we have,
with an obvious notatien: o

(.1 - Rl,l ETETIET Rl,k

Cy o Ry wvveieeny By

- -t

R [ Mi,lJ

-

he muy now define the product of twe simple sets R] h and R, 38 the
' 2,L

intersection of the rectangles just Jefined, i.e,

p Uk W Aw, =8
R xR, = ' . )
th 2L . win N
( VJ'."A\XG ¢/ mdxb“'.h i m?,t. H l]‘_ Yy z,;_]

In other words: insteud of attuching to each window w one value, say
‘the average of y in it, we take two, and M ; the difference
Lo-m o= is known as the dynamic ol the gruoh in w, .

R T i Spamie gra h

This modification is suffivient to carry out our proosed program, be-
cause now it is evident that C X C, represent a finer partition of
some strip within which the graph-line is contained, as is shown in
Fig.2,

Consider now any  rectangle ol the C-set C1 X Cz; its base is
) ~max {m

: 3 is y, =* min, (M .
hl,l(\ "2,1\' the height is Y T min.( )

Lt Mn th Mon

Is thus evident that the Jdymunic of the graph in it is:
: . hi x
A (Hl,hl\ uzlh]s ¥)» which reduces

4 twl.h,\ HZ,hJ- y, il the graph is wmonotonic

in "‘1.:1\/ HE,h'

This reaark is essentiol in order to stuly under which conditions ite-
vited C-multiplication of C-sets obtained by shifring a given grid
will reproduce the given graph to maximm érmissible accurancy (thit
of the original graph, which wus supposed digitized at some finer le-
vel).

The criterion of conversence to be satisfied for total reconstruction
of the original granh, or narts of it, must clearly bctﬁhe following:
convergenge is achieved wherever one obtains, at the b iterution,

mo Hl R over the corresponding wi's. One may substitute to this
] r : !

criterion the weaker one {especially if the ardinute is not discreti-
zed) that Mi h™Mop e, prefixed, small as convenient,
L]

The formalizution of this procedurc is straightforward; the intere-
stod reuder may reproduce it by himself, or refer to same previous
paper. (Apostolico ¢t al.,1977).

For equully spucesl grids (it would be anly a matter of convenicnce to
relax or change this condition ut any wanted step of the procedure),
there is a very simple forwulu which determines whether overall con-
vergence is puaranteed: this will be the ease if, and only if:

—

(2) W < ED'*i

where D denates the smallest distance between u minimm and a maximun
of the graph. The prool is given in(Anostolico et al.,1977), The siune
formula applies also in two (or more) dimensions if we now read w to
mean the side of the square window, D the cuclidean distance in the
plane between such cxtrema,

2} We can now change our viewpoint. Instead of shilting the grid, ob~
taining and multiplying the cnsuing C-sets, etc., we ask what this
provedure will finally yield at o given, [ixed point on x-axis. The
unswer is that, regurdless of the order in which these operations are
perfommed, the Cinal vilues which are associuted with any given peint
are the highest minimun and the lowest maximan that are seen when the
window w moves on an'interval of lenght 2w - 1, centered at that
point, Ihe discussion of this point, which is related ol course to ()
is in vel. (Apostolico et ul,, 1977). O special interest is the case
in which (2) is violated. Qur procedure will not reconstruct then the

_original pattern, but produce a new nuttern, which sunpresses all tho-

s¢ details of the original one which could be retrieved only by re-
specting (2). In other words, the procedure will act now as a [ilter
{C-filter (Caianicllo et al., 1978), A trivial, intuitive example
will convince us of this fact. Supnose that we wish to stwly in this
wiy the before mentioned chessboard. Onerating with a (square) grid
whose window is smaller than the case of the chesshoard will readily
reconstruct the chessboard. I[, however, the window is larger thun the
case, no matter how we move the grid we shall always find m = 0,

M= 1 {say) in any window: converpence is imnossible. It is then
trivial matter to arrange things so that in the [irst case our proce-
dure reconstructs the chessboard, in the second it yields a tota!l
blane: the chessboard is filtered awayy If now we have a saucer on the
chessboard, we shull be able to retrieve only the saucer, oblitera-
ring the chesshoard backeround: Inkewise, one ciun proceed with textu-




res (Caianielle cv al,, 19/9): it is pussible ta see an object igno-
ring o textural background, or viceversa, to eatract only some rele-
vant teatural elements, Miny variations are possible on this theme
(Galloway, 1978). One can keep, thus, a window which satisfies ()
but accept only dynamics within given thrsholds; or play both with
winduw size and threshold.

The aeat part illustrates s computationnl tool that can be extracted
any given patterm, the "C-mitrix'; it gives automatically ontimals
criveria for windew and threshold size, wmt can be useful in the stu-
dy of several classical problem of PR,

C=!INTRIX

1) Consider o pattern F in any number N of dimensions {for the sake
of illustration we restrict here N = one or two), and consider only
one of some K "attributes” of interest, ¢.g. the level of greyness
{which we sy sunpose now digitized), An N-dimensignal grid of (squr-
re) windows generates, as we have scen, a Ceset in N+ 1 (kK = 1) apu-
ces Gemadtiplication of all C-sers obtained by displacing (according
to some rule) the prid ever the pattemn yields, after a suitable men-
ber of rterations, a pattern F, which will coincide with F if condi-
tien (2) Qs respected, differ from F otherwise, This nrocess we hive
called C-filter; as muwh, it might deserve per se mithemitical inve-
stigation, Qur interest here is rather with conerete ways of exploi=-
ting the bmeal new feature of C-culeulus, thar of permitting either
Uprecise’ measurerents ol a_whole throurh serial composition (Cemul-
Liplying of “coarser™ partiad paralle! weasurcments) (cach, a Ceset
from the yrid}, or Miltering operataons”, "Precise” and "cearse” are
to be wwerstood as in nhysics, we have found profitable, for this
purpose, 1o introduce  mathemitical object which (for any N, K = 1)
i5 alwavs 2-dimensional: the Cemitrix.

2) we define the C-matrix. [ts ¢lement ¢ _has as row label h (#2,3,

4,....) the linear size of the window Wy of the scarning grid Gl
e 1

(C-citlculus will be more useiul the lurger can be kept the minimam 1y
needad Tor o given anadysis); the colenn tabel k (= 0, 1, 2, .....)
Jeneres the nossible values of the dyn;nﬂic K=M=mas remd

through w . The grid G scans the pattern according to some ¢riterion
{in two dlnensions, the best has proved to run Jown the main diagon.i)
by one step at a vime (1" means the origimil digitizing window, if
uny, Or sinply the "reselving power" of the system): G, has thus

his §2 b, square grid h, lim‘:lr{ scanning positions; any value k of
the dynamic s registered 1 (Wa @, b, 2, ..00) times in the win-
duis, lor vich position i=1, 7., h of the grid (}h. In conclusion

n
{h! .

C ’,2- Pis (3)

WK (]

The buitding of the C-matrix scems, fram the definition just given, a
sich more impasing task than it acumlly is. In lact, the operations
that lead to chk ure performed in parallel for kX« Q, 1, 2, .... so

that the C-matrix is built one row at a time, or in one piece with
suitable hurdwere; also, the procedure has to be sturted from the
bottom row, i.e. largest w, and it becomes an obvious matter to im-
plement the alporithm with' devices that suppress the need to cxplore,
moving towards smiller h, tervitories where, c.g.k,=0 (wilorm grey-
ness) for a larger h. Nor need enc proceed through the full sequence

- - bl . - H -
]'Hn.ux’ hmax 1, h"m 2, «vuy, 2@ large jumps nay be made,

An element cij of the C-nutrix tells us thus: if it vanishes, that

the value j ol the Jdynamic of the pattern cun never be seen through
windows of size w ; if not, how manytimes that is seen by no matter
which window w . © It is casy then to read frvom the Cematrix many
features of the pattern; e.g. il only c. =0, all i, the pattern is
a4 pluuteaux, of constant gryness througf\dat: the max i for which
o $ 0 is the width of the largest plateaux; a highest-slope of a
?
(I-dimensional) signal shows as the sequel cij $ 0, j max, for euch
i.

3) CONTUUR EXTRACTION

This is a; relevant 'step in every problem of P.R., with a wide li-
terature and it large menber ol techniques availuble: gradients and
threshold, thinning, jeining er scpuruting of broken or interpenetra-
ting picces, template matching, ete.(Roberts, 15965; tall et al,,1976;
Germn et al., 1977},

We can extract contaurs with the loliowing role, Copsider the {irst
among the coluwis of the C-matrix, let it be the column h,in which
the elements € Bo through a maximun, at some value i. Tuke the
corresponding window w. as clement of the grid of a C-filter, given
by Comultiplicution of C-sets whose simple sets vanish if smaller
than the (hyper} rectangles wi x h (i.c. h is a threshold on dynamic)
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le application of vur filtering method.

SEQIENTATION

This subject, which includes discrimjnation aginst a background,is
the object of much literature, and can be carried to decp contextuul
ol grammatical analysis,

A simple spproach ta it througih C-calculus is obtained by fixing an
iterative procedure which again uses data read from the C-matrix.
Details can be found in ref. (Feng et al., 1976, Galloway, 1874;
Weszka et al., 1979),

Comparison with other algorithms (Feng et al., 1976; Galloway, 1978;
Weszha et al., 1979) was made; it appears that thresholds come out of
the C-natrix and do not hive to be Buessed, and that computation time
is here less than with RAG, LAG, PT.

FEATURE EXTRACTION

We refer for details to ref 's (Deutrsch, 1955). Neurophysiological
moeling, Gescalt and invariance requirement: (Deutsch 12) have sug-
gested un algorithm with concentric window so that the inner one acts
Us "excitatosy', the annulus around it s “inhibitory". As belore,
all relevant nurameters are read from the Cenatrix. Our experimental
results show that C-calculus, as it is, can be adjusted to higher
degrees of definition if desidered, because it mimics basic neuronal
mechanism,

TEXTURIES.

The anialysis of textures, both per_se and as-backgrounds, is almost
a science within a scicnee; see, e.g. Gibson 1950, kochler 1975,
Ilhiralick 1973}, Our views on this subject Jo not belong to this short
swiary ol our work; more than in other tonics of IR, we must remind
that "percepta’ are “phenomenit’, in the sense of Kant, quunteen pecha-
nivs or the Vadas, to which the nowncnon® dmd the “observer"™ equally
concur, We wish only to report here, in conclusion, that C-calvulus
hits proved especially "natural® in this context, leading to ready and
clementary clissilication, analysis and diserimination,

We reler the reader to previous works Cisolli et al., 1980); some
exunples in this are reported. It is the "chessbourd and saucer” giune
we owere mentioning earlier, which is easily implemented through
Cecaleulus intg algorithmic simulations which miy be rather close in
principle 1o the uctuml operation of neural tissucs.
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